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Abstract
We prove several interesting equalities for the integrals of higher order derivatives
on the homogeneous groups. As consequences, we obtain the sharp Hardy–Rellich
type inequalities for higher order derivatives including both the subcritical and critical
inequalities on the homogeneous groups. We also prove several uncertainty principles
on the homogeneous groups. Our results seem to be new even in the case of Euclidean
space Rn and give a simple proof of several classical Hardy–Rellich type inequalities
in Rn.
1 Introduction
The motivation of this paper is to prove several inequalities of Hardy–Rellich type in the
setting of the homogeneous groups (the most general class of all nilpotent Lie groups) in the
framework of equalities. Our obtained inequalities generalize several well-known Hardy–
Rellich type inequalities in the Euclidean space Rn. The Hardy–Rellich type inequalities
in Rn involve the integrals of a function and its derivatives. They appear frequently in
various branches of mathematics and provide a useful tool, e.g., in the theory and practice
of differential equations, in the theory of approximation etc. Let us start by recalling the
classical Hardy inequalities in Rn, n ≥ 3∫
Rn
|∇f |2dx ≥
(
n− 2
2
)2 ∫
Rn
|f |2
|x|2
dx (1.1)
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for any function f ∈ C∞0 (R
n). The constant (n−2)2/4 in (1.1) is sharp. A similar inequality
with the same best constant holds if Rn is replaced by any domain Ω containing the origin.
This inequality plays an important role in many areas such as the spectral theory, the
theory of partial differential equations associated to the Laplacian, see e.g., [4, 5, 11] for
reviews of this subject. For interest readers, we refer to [6,15] for the improvements of (1.1)
when Rn is replaced by the bounded domains Ω containing the origin. The Lp−version of
(1.1) takes the form ∫
Rn
|∇f |pdx ≥
(
n− p
p
)p ∫
Rn
|f |p
|x|p
dx, (1.2)
for any function f ∈ C∞0 (Rn) with n ≥ 2 and 1 < p < n. Again, the constant (n− p)
p/pp
is sharp in (1.2).
In the case p = n the inequality (1.2) fails for any constant. However, in boundede
domains, the following inequality holds∫
B
|∇f |ndx ≥
(
n− 1
n
)n ∫
B
|f |n
|x|n(1 + ln 1
|x|
)n
dx, f ∈ C∞0 (B) (1.3)
for any n ≥ 2, where B denotes the unit centered ball in Rn (see, e.g., [14]). The constant
(n − 1)n/nn in (1.3) is sharp. It was also shown in [14] that (1.3) is equivalent to the
critical case of the Sobolev–Lorentz inequality. However, (1.3) is not invariant under the
scalings as (1.1) and (1.2). In [27], Ioku and Ishiwata established a scaling version of (1.3)
as follows (
n− 1
n
)n ∫
B
|f |n
|x|n| ln 1
|x|
|n
dx ≤
∫
B
∣∣∣∣ x|x| · ∇f
∣∣∣∣
n
dx, f ∈ C∞0 (B). (1.4)
The constant (n−1)n/nn in (1.4) is sharp. The inequality (1.4) in bounded domains is also
discussed in [27]. It is surprise that the critical Hardy inequality (1.4) is equivalent to the
subcritical Hardy inequality (1.2) in larger dimension spaces (see [51]). A global scaling
invariant version of (1.3) was proved in [28] by Ioku, Ishiwata and Ozawa as follows(
n− 1
n
)n ∫
Rn
|f − fR|
n
|x|n| ln R
|x|
|n
dx ≤
∫
Rn
∣∣∣∣ x|x| · ∇f
∣∣∣∣
n
dx, f ∈ C∞0 (R
n \ {0}) (1.5)
for any R > 0 with fR(x) = f(Rx/|x|). Indeed, (1.5) was proved in [28] with a sharp
remainder. Again, the constant (n− 1)n/nn in (1.5) is sharp. Note that (1.5) implies (1.4)
by taking R = 1 for any function supported in B.
The Rellich inequality states that for any function f ∈ H2(Rn), n ≥ 5
∫
Rn
|∆f |2dx ≥
(
n(n− 4)
4
)2 ∫
Rn
|f |2
|x|4
dx. (1.6)
The constant n2(n−4)2/16 is sharp in (1.6). A similar inequality also holds true in H20 (Ω)
for any smooth domain Ω of Rn containing the origin. This inequality was first proved by
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Rellich [42] for functions f ∈ H20 (Ω) and then was extended for functions f ∈ H
2(Ω)∩H10 (Ω)
by Dold et al. in [13]. Davies and Hinz [12] generalized (1.6) and shows that for any
p ∈ (1, n/2), it holds∫
Rn
|∆f |pdx ≥
(
n(p− 1)(n− 2p)
p2
)p ∫
Rn
|f |p
|x|2p
dx, f ∈ C∞0 (R
n \ {0}). (1.7)
The constant (n(p − 1)(n − 2p))p/p2p is the best constant in (1.7). A weighted version
with the sharp constant of (1.7) is also given in [12]. In [3, 22, 53], the improvements of
(1.6) in smooth bounded domains Ω ⊂ Rn containing the origin was proved by adding the
nonnegative remainder terms.
The Hardy and Rellich inequalities also was extended to the higher order derivatives
with weights in [12]. Let 0 < k < n/2 be an integer and a function f ∈ Hk(Rn). Then if
k = 2m ∫
Rn
(∆mf)2dx ≥
(
m−1∏
i=0
(n + 4i)(n− 4− 4i)
4
)2 ∫
Rn
|f |2
|x|4m
dx. (1.8)
If k = 2m+ 1, then
∫
Rn
(∇∆mf)2dx ≥
(
n− 2
2
)2 m−1∏
i=1
(
(n+ 2 + 4i)(n− 6− 4i)
4
)2 ∫
Rn
|f |2
|x|4m+2
dx. (1.9)
Again, the inequalities (1.8) and (1.9) are sharp with the best constants. The improved
versions of (1.8) and (1.9) in bounded smooth domains of Rn was proved by Tertikas and
Zographopoulos [53]. We next state the Lp−version with weights of (1.8) and (1.9) which
was established in [12]. If k = 2m < n, m ≥ 1, p ∈ (1, n/(2m)) and α ∈ (−2(p−1)/p, (n−
2mp)/p) then
∫
Rn
|∆mf |p
|x|αp
dx ≥
m−1∏
i=0
(
(n− 2p− (2i+ α)p)(n+ p′(2i+ α))
pp′
)p ∫
Rn
|f |p
|x|αp+2mp
dx (1.10)
for any function f ∈ C∞0 (R
n \{0}), where p′ = p/(p−1) with p > 1. It was also prove that
if k = 2m+ 1 < n, m ≥ 1, p ∈ (1, n/(2m+ 1)) and α ∈ (−2/p′, (n− (2m+ 1)p)/p), then
∫
Rn
|∇∆mf |p
|x|αp
dx ≥
(
n− p− α
p
)p m−1∏
i=0
(
(n− 2p− (2i+ 1 + α)p)(n+ p′(2i+ 1 + α))
pp′
)p
×
×
∫
Rn
|f |p
|x|αp+(2m+1)p
dx (1.11)
for any function f ∈ C∞0 (R
n \ {0}). Note that the constants in (1.10) and (1.11) are
sharp. Davies and Hinz proved the inequality (1.10) by iterating the sharp weighted
Rellich inequality (i.e., a weighted version of (1.7)). The inequality (1.11) follows from
the sharp weighted Hardy inequality (i.e., a weighted version of (1.2)). We refer the reader
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to [12] for more detail on the proof of (1.10) and (1.11). In [38], Mitidieri proposed the
simple approaches to prove these Hardy–Rellich type inequalities (including (1.1), (1.2),
(1.6), (1.7), (1.8), (1.9), (1.10) and (1.11)). The first approach is based on the divergence
theorem by choosing a special vector field. The second approach is based on the Rellich-
Pohozaev type identities [37].
In the critical case p = n/k, the critical Rellich type inequalities on bounded domains
was proved by Adimurthi and Santra [3]. Let us recall their results here. Let Ω be a
bounded domain of Rn containing the origin. If n = 2p then we can find a R > 0 such that∫
Ω
|∆f |pdx ≥
(n− 2)2p
np
∫
Ω
|f |p
|x|n
∣∣∣ln R|x|∣∣∣pdx, f ∈ C
∞
0 (Ω \ {0}). (1.12)
It is noted that the constant (n− 2)2p/np is the best constant in (1.12). In the case n = 4,
it was proved that there exists R0 > 0 such that for any R ≥ R0, it holds∫
Ω
|∆f |2dx ≥
∫
Ω
|f |2
|x|4
∣∣∣ln R|x|∣∣∣2
dx, f ∈ C∞0 (Ω \ {0}). (1.13)
The inequality (1.13) is sharp (see also [2]). Adimurthi and Santra [3] also proved the
critical Rellich type inequalities in Hk(Rn) with n = 2k. Let B denote the unit ball
centered at the origin in Rn. We can find a R > 0 such that
∫
B
|∆mf |2dx ≥
n2
16
(
1
22m−2
m−2∏
i=0
(4i+ 2)(8m− 4i− 6)
)2 ∫
B
|f |2
|x|n
∣∣∣ln R|x|∣∣∣2
dx (1.14)
if n = 4m, m ≥ 2 and
∫
B
|∇∆mf |2dx ≥
n2
16
(
1
22m
m−1∏
i=0
(4m− 4i− 2)(4m+ 4i+ 2)
)2 ∫
B
|f |2
|x|n
∣∣∣ln R|x|∣∣∣2
dx (1.15)
if n = 4m + 2, m ≥ 1 for any radial function f ∈ Hk0 (B). Again, the inequalities (1.14)
and (1.15) are sharp. Moreover, the stronger versions of (1.12), (1.14) and (1.15) with
nonnegative remainder terms was proved in [3].
Besides these Hardy–Rellich type inequalities, there is a similar Rellich inequality that
connects first to second order derivatives. That is, for any n ≥ 5 and for any function
f ∈ C∞0 (R
n \ {0}) we have ∫
Rn
|∆f |2dx ≥
n2
4
∫
Rn
|∇f |2
|x|2
dx. (1.16)
The constant N2/4 is the best constant in (1.16). This inequality was proved in [2] by
Adimurthi, Grossi and Santra for radial functions. And its improvement was obtained by
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Tertilas and Zographopoulos in [53] together with its weighted version. We also mention
here that the Lp−version of (1.16) was proved by Adimurthi and Santra in [3] for only
radial functions again.
These Hardy–Rellich type inequalities arise very naturally in the study of singular
differential operators. They have been intensively analysed in many different settings.
The sharp Hardy and Rellich inequalities was extended to the Riemannian manifolds in
[1, 9, 25, 31, 32, 54]. They were proved in the setting of the fractional Laplacians in [16, 19,
20, 26, 39, 55] and references therein. The Hardy inequality was proved in the Heisenberg
group for p = 2 by Garofalo and Lanconelli [21] (see also D’Ambrosio [8]) and for any
p 6= 2 by Niu, Zhang and Wang [40]. Further extensions were made by Danielli, Garofalo
and Phuc [10] on groups of Heisenberg type, by Goldstein and Kombe [23] on polarisable
groups, by Jin and Shen [30] and Lian [33] on Carnot groups together with certain weighted
versions. An unified approach to the weighted Hardy inequalities on Carnot groups was
recently introduced in [24]. The higher order Hardy inequalities on the stratified Lie
groups was obtained by Ciatti, Cowling and Ricci [7] for arbitrary homogeneous quasi-
norm but without the sharp constant. For the horizontal Hardy, Rellich, Caffarelli–Kohn–
Nirenberg inequalities on stratified groups, we refer the reader to the paper of Ruzhansky
and Suragan [44].
Recently, there is an enourmous work on studying the sharp Hardy and sharp Rellich
inequalities on the homogeneous groups (see, e.g., [41, 43, 45–50]). Note that the abelian
groups (Rn,+), the Heisenberg group, homogeneous Carnot groups, straified Lie groups
and graded Lie groups are all special cases of the homogeneous groups. Before introducing
the recent inequalities obtained on the homogeneous groups, let us remark that the Hardy
inequalities (1.1) and (1.2) can be sharpned to the inequality(
n− p
p
)p ∫
Rn
|f |p
|x|p
dx ≤
∫
Rn
∣∣∣∣ x|x| · ∇f
∣∣∣∣
p
dx, 1 < p < n. (1.17)
The remainder terms for (1.17) have been analysed by Ioku, Ishiwata and Ozawa [29], see
also Machihara, Ozawa and Wadade [35]. An extension of (1.17) have been extended to
the homogeneous groups by Ruzhansky and Suragan [45]. Let G be a homogeneous groups
of homogeneous dimension Q, and let | · | be any homogeneous quasi-norm on G (we refer
the reader to Section 2 for further details related to the homogeneous group). Let us define
the radial operator R = R|·| with respect to | · | by
R := R|·| =
d
d|x|
. (1.18)
Clearly, when G is abelian group (Rn,+) and | · | is Euclidean norm on Rn then R is exactly
the radian derivative ∂r :=
x
|x|
· ∇. In [45], the following generalized Lp− Hardy inequality
was proved (
Q− p
p
)p ∫
G
|f |p
|x|p
dx ≤
∫
G
|Rf |pdx, 1 < p < Q, (1.19)
for any complex-valued function f ∈ C∞0 (G\{0}), where dx denotes the Haar measure onG.
The constant (Q−p)p/pp in (1.19) is sharp for any quasi-norm |·|. Moreover, Ruzhansky and
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Suragan also obtained the remainder terms in (1.19) and proved an uncertainty principle
on G from (1.19). The inequality in the critical case p = Q of (1.19) was discussed in [43](
p− 1
p
)p
sup
R>0
∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx ≤
∫
G
|Rf |p
|x|Q−p
dx, (1.20)
for any 1 < p <∞, where fR = f(Rx/|x|). The inequality (1.20) generalizes the inequality
(1.5) to the homogeneous groups for any homogeneous quasi-norm.
In [45], Ruzhansky and Suragan also proved a Rellich inequality on G. Denote
R2 = R
2 +
Q− 1
|x|
R. (1.21)
Then the following inequality holds
Q2(Q− 4)2
16
∫
G
|f |2
|x|4
dx ≤
∫
G
|R2f |
2dx, (1.22)
for any complex-valued function f ∈ C∞0 (G \ {0}). The constant Q
2(Q − 4)2/16 is the
best constant in (1.22) for any homogeneous quasi-norm | · |. The appearance of R2 in
(1.22) is nature since there is no analogue of homogeneous Laplacian or sub-Laplacian on
the general homogeneous groups to formulate a version similar to (1.6). In fact, there may
be no homogeneous hypoelliptic left-invariant differential operators at all: the existence of
such an operator would imply that the group must be graded as was shown by Miller [36]
with further corrections by ter Elst and Robinson [52] (see also [17, Proposition 4.1.3] for
a simple proof). Obviously, in the abelian case with the Euclidean norm, R2 is nothing
the radial Laplacian ∆r = ∂
2
r +
n−1
|x|
∂r. Hence, (1.22) implies the following inequality in R
n
n2(n− 4)2
16
∫
Rn
|f |2
|x|4
dx ≤
∫
Rn
|∆rf |
2dx, n ≥ 5. (1.23)
The inequality (1.23) together with a recent result of Machihara, Ozawa and Wadade [35]
implies (1.6).
The higher order versions of (1.19) in the case p = 2 was also obtained in [45]. By
iterating the weighted versions of (1.19) with p = 2, Ruzhansky and Suragan proved the
following sharp weighted Hardy–Rellich type inequalities(
k−1∏
j=0
∣∣∣∣Q− 22 − (α + j)
∣∣∣∣
2
)∫
G
|f |2
|x|2k+2α
dx ≤
∫
G
|Rkf |2
|x|2α
dx (1.24)
for any Q ≥ 3, k ≥ 1 and α ∈ R. The inequalities (1.22) and (1.24) are new even in the
abelian case.
As mentioned above, the main aim of this paper is devoted to prove several inequal-
ities of Hardy–Rellich type on the homogeneous groups. Our main results extended the
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inequality (1.22) in several ways. They give the generalizations of the Hardy–Rellich type
inequalities on Rn mentioned above to the homogeneous groups with any homogeneous
quasi-norm. First, we generalize it to any p ∈ (1, Q/2) together with its weighted versions
which is the content of Theorem 3.1 and Theorem 4.2 below. These obtained inequalities
can be seen as the generalizations of the inequalities (1.6), (1.7) and their weighted versions
to the homogeneous groups with any homogeneous quasi-norm. Second, we extend it to
the derivatives of higher order, i.e., we prove the Hardy–Rellich type inequality for Rk2 and
RRk2 for k ≥ 1. This is the content of Theorem 3.2 and Theorem 4.4. These obtained
inequalities also extend the inequalities (1.8), (1.9), (1.10) and (1.11) to the homogeneous
groups with any homogeneous quasi-norm. Thirst, we will prove the inequality (1.22) in
the critical case, i.e., p = Q/2 and extend this critical inequality to the derivatives of higher
order in Theorem 5.2 and Theorem 5.4 below respectively. Again, these are the extensions
of the critical Rellich type inequalities (1.12), (1.13), (1.14) and (1.15) to the homogeneous
groups. Finally, we will generalize the inequality (1.16) together with its weighted versions
and its Lp−versions to the homogeneous groups. These are the Rellich type inequalities
obtained in Theorem 3.3 below for p = 2 and Theorem 4.7 for any 1 < p < Q/2. By
iterating these obtained inequalities, we will prove an extension of (1.16) to any order of
derivatives in Theorem 3.4 and Theorem 4.8. In application, we obtain, in Section 6 below,
several uncertainty principles on the homogeneous groups by using our obtained Hardy–
Rellich type inequalities. It is worth to emphasize here that all the inequalities obtained
in this paper are sharp and are derived from the corresponding equalities by dropping the
nonnegative remainder terms. They are new even in the Euclidean space Rn, and give
some new inequalities of Hardy–Rellich type both in the subcritical and critical cases in
the setting of Euclidean space Rn (see Section 7 below).
The rest of this paper is organized as follows. In Section 2 we review briefly some basic
properties of the homogeneous groups, fix the notation and recall the weighted L2−Hardy
inequalities on the homogeneous groups established by Ruzhansky and Suragan. In Sec-
tion 3 we prove some weighted L2−Hardy–Rellich inequalities on the homogeneous groups.
These inequalities include the weighted L2−Rellich inequality (a weighted version (1.22)).
We then use the weighted L2−Hardy and weighted L2−Rellich inequality to establish the
weighted L2−Hardy–Rellich type inequalities for higher order derivatives on the homoge-
neous groups. We also prove the Rellich type inequality that connects first to seconde order
of derivatives and use it to derive the similar inequalities for any order of derivatives in this
section. The Lp−versions of the Hardy–Rellich type iequalities obtained in Section 3 (i.e.,
the weighted Lp−Hardy–Rellich type inequalities) will be established in Section 4. The
critical Hardy–Rellich type inequalities on the homogeneous groups are proved in Section
5. In Section 6, we obtain several new inequalities in the Euclidean space Rn by applying
our results to this setting.
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2 Preliminaries
In this section, we review briefly some basics of the analysis on homogeneous groups, some
properties of the operator R from (1.18) and the weighted L2−Hardy inequality on the
homogeneous groups due to Ruzhansky and Suragan [45]. For the general background
details on homogeneous groups, we refer the reader to the book of Folland and Stein [18]
and the book of Fisher and Ruzhansky [17].
We recall that a family of dilations of a Lie algebra g is a family of linear mappings
given by
Dλ = exp(A lnλ) =
∞∑
k=0
1
k!
(A lnλ)k,
where A is a diagonalisable linear operator on g with positive egienvalues, and each Dλ is
a morphism of the Lie algebra g, that is, a linear mapping from g to itself which respects
the Lie bracket:
[DλX,DλY ] = Dλ[X, Y ], ∀X, Y ∈ g, λ > 0.
A homogeneous groups is a simply connected Lie group whose Lie algebra is equipped
with dilations. Homogeneous groups are necessarily nilpotent and hence the exponential
mapping expG : g → G is a global diffeomorphism. It induces a dilation structure on G
which is still denoted by Dλx or simply by λx with x ∈ G, i.e.,
Dλx = λx := expG(Dλ(exp
−1
G
x)).
The homogeneous dimension of G is TrA and is denoted by Q.
Let dx denote the Haar measure on G and let |S| denote the corresponding volume of
a measurable subset S ⊂ G. Then we have
|λS| = λQ|S|,
∫
G
f(λx)dx = λ−Q
∫
G
f(x)dx.
Fix a basis (X1, . . . , Xk) of g such that AXk = νkXk for each k, so that A has the form
A = diag(ν1, . . . , νn) in this basis. Then each Xk is homogeneous of degree νk and
Q = ν1 + ν2 + · · ·+ νn.
The decomposition of exp−1
G
(x) in the Lie algebra g defines the vector
e(x) = (e1(x), . . . , en(x))
by the formula
exp−1
G
(x) = e(x) · ∇ =
n∑
i=1
ei(x)Xi,
where ∇ = (X1, . . . , Xn). In the other word, we have
x = expG
(
n∑
j=1
ej(x)Xj
)
.
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By the homogeneity, we have
rx = expG
(
n∑
j=1
rνjej(x)Xj
)
,
that is,
e(rx) = (rν1e1(x), . . . , r
νnen(x)).
Consequently, we can calculate
d
dr
(f(rx)) =
d
dr
f
(
expG
(
n∑
j=1
rνjej(x)Xj
))
=
(
n∑
j=1
νjr
νj−1ej(x)Xj
)
f(rx).
This implies the equality
d
dr
(f(rx)) = (Rf)(rx).
In other words, the operator R plays the role of the radial derivative on G. Note that R
is positively homogeneous of order −1.
A homogeneous quasi-norm on a homogeneous group G is a continuous nonnegative
function G ∋ x→ |x| ∈ [0,∞) satisfying the following conditions:
• |x−1| = |x| for any x ∈ G,
• |λx| = λ|x| for any λ > 0 and x ∈ G,
• |x| = 0 if and only if x = 0.
Let | · | be a quasi-norm on G and let S denote the quasi-unit sphere with respect to
| · |, i.e.,
S = {x ∈ G : |x| = 1}.
It is well-known that there is a unique positive Borel measure σ on S such that for any
function f ∈ L1(G) we have∫
G
f(x)dx =
∫ ∞
0
∫
S
f(ry)rQ−1dσ(y)dr. (2.1)
We refer the reader the book of Folland and Stein [18] for the proof (see also [17, Section
3.1.7]).
In our analysis below, the following result whose proof can be found in [45, Lemma 2.1]
plays an important role.
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Lemma 2.1. Define the Euler’s operator E on G by E = |x|R. If f : G \ {0} → R is
continuously differentiable, then
Ef = νf if and onlu if f(λx) = λνf(x), ∀λ > 0, x 6= 0,
i.e., f is positively homogeneous of order ν.
We conclude this section by recalling a weighted L2−Hardy inequality on the homoge-
neous group due to Ruzhansky and Suragan (see [45, Theorem 4.1 and Corollary 4.2]).
Theorem 2.2. Let G be a homogeneous group of homogeneous dimension Q ≥ 3 and
let | · | be any homogeneous quasi-norm on G. Then for any complex-valued function
f ∈ C∞0 (G \ {0}) we have∫
G
|Rf |2
|x|2α
dx =
(
Q− 2− 2α
2
)2 ∫
G
|f |2
|x|2α+2
dx+
∫
G
∣∣∣∣Rf|x|α + Q− 2− 2α2|x|α+1 f
∣∣∣∣
2
dx (2.2)
for any α ∈ R. As a corollary, we have the following weighted L2−Hardy inequality on G,(
Q− 2− 2α
2
)2 ∫
G
|f |2
|x|2α+2
dx ≤
∫
G
|Rf |2
|x|2α
dx. (2.3)
The constant in (2.3) is sharp and it is attained if and only if f = 0.
3 Weighted L2−Hardy–Rellich type inequalities
Throughout this section, we use the notation
cα =
(Q+ 2α)(Q− 4− 2α)
4
for any α ∈ R, here Q is the homogeneous dimension of a homogeneous group G. We
start this section by proving an interesting equality which implies the weighted L2−Rellich
inequality (1.22) on G. This can be seen as a weighted version of Theorem 5.1 in [45].
Recall that
R2f = R
2f +
Q− 1
|x|
Rf.
We then have following results.
Theorem 3.1. Let G be a homogeneous group of homogeneous dimension Q ≥ 5 and
let | · | be any homogeneous quasi-norm on G. Then for any complex-valued function
f ∈ C∞0 (G \ {0}) we have∫
G
|R2f |
2
|x|2α
dx = c2α
∫
G
|f |2
|x|2α+4
dx+
∫
G
∣∣∣∣R2f|x|α + cα f|x|α+2
∣∣∣∣
2
dx
+ 2cα
∫
G
∣∣∣∣ Rf|x|1+α + Q− 4− 2α2|x|2+α f
∣∣∣∣
2
dx, (3.1)
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for any α ∈ R. The constant c2α before
∫
G
|x|−4−2α|f |2dx in the right hand side of (3.1)
is sharp. As a consequence, we obtain the following weighted Rellich inequality for any
complex-valued function f ∈ C∞0 (G \ {0})(
(Q+ 2α)(Q− 4− 2α)
4
)2 ∫
G
|f |2
|x|2α+4
dx ≤
∫
G
|R2f |
2
|x|2α
dx, (3.2)
for any α ∈ (−Q/2, (Q − 4)/2). The constant in (3.2) is sharp and it is attained if and
only if f = 0.
If α = 0, Theorem 3.1 recovers Theorem 5.1 and Corollary 5.2 in [45]. The proof of
Theorem 3.1 follows the lines in the proof of Theorem 5.1 in [45] (see also the proof of
Theorem 1.1 in [35] for the Euclidean space Rn).
Proof. Using the polar coordinate (2.1), we have∫
G
|f |2
|x|4+2α
dx
=
∫ ∞
0
rQ−5−2α
∫
S
|f(ry)|2dσ(y)dr
=
1
Q− 4− 2α
∫ ∞
0
(rQ−4−2α)′
∫
S
|f(ry)|2dσ(y)dr
= −
2
Q− 4− 2α
ℜ
∫ ∞
0
rQ−4−2α
∫
S
f(ry)Rf(ry)dσ(y)dr
= −
2
(Q− 4− 2α)(Q− 3− 2α)
ℜ
∫ ∞
0
(rQ−3−2α)′
∫
S
f(ry)Rf(ry)dσ(y)dr
=
2
(Q− 4− 2α)(Q− 3− 2α)
ℜ
∫ ∞
0
rQ−3−2α
∫
S
(
|Rf(ry)|2 + f(ry)R2f(ry)
)
dσ(y)dr
=
2
(Q− 4− 2α)(Q− 3− 2α)
ℜ
∫
G
(
|Rf |2
|x|2+2α
+
fR2f
|x|2+2α
)
dx, (3.3)
here ℜz denotes the real part of a complex number z ∈ C. From Theorem 2.2, we have
∫
G
|Rf |2
|x|2+2α
dx =
(Q− 4− 2α)2
4
∫
G
|f |2
|x|4+2α
dx+
∫
G
∣∣∣∣ Rf|x|1+α + Q− 4− 2α2|x|2+α f
∣∣∣∣
2
dx (3.4)
Using integration by parts, we have
ℜ
∫
G
fR2f
|x|2+2α
dx = ℜ
∫
G
f R2f
|x|2+2α
dx− (Q− 1)ℜ
∫
G
fRf
|x|3+2α
dx
= ℜ
∫
G
f R2f
|x|2+2α
dx+
(Q− 1)(Q− 4− 2α)
2
∫
G
|f |2
|x|4+2α
dx. (3.5)
11
Plugging (3.4) and (3.5) into (3.3) implies
∫
G
|f |2
|x|4+2α
dx = −
1
cα
ℜ
∫
G
f R2f
|x|2+2α
dx−
1
cα
∫
G
∣∣∣∣ Rf|x|1+α + Q− 4− 2α2|x|2+α f
∣∣∣∣
2
dx
= −
1
2c2α
∫
G
∫
G
∣∣∣∣R2f|x|α + cα f|x|α+2
∣∣∣∣
2
dx+
1
2
∫
G
|f |2
|x|4+2α
dx
+
1
2c2α
∫
G
|R2f |
2
|x|2α
dx−
1
ca
∫
G
∣∣∣∣ Rf|x|1+α + Q− 4− 2α2|x|2+α f
∣∣∣∣
2
dx
which implies our desired result (3.1).
It remains to verify the sharpness of c2α in (3.1). To do this, we will use the approx-
imations of the function r−(Q−4−2α)/2 as follows. Let φ ∈ C∞0 (R) such that φ = 1 on
(−1, 1) and φ = 0 on R \ (−2, 2). For any ǫ > 0, define fǫ(r) = (1− φ(r/ǫ))r
−Q−4−2α
2 φ(ǫr).
Differentiating fǫ we get
Rfǫ(r) = −
1
ǫ
φ′(ǫ−1r)r−
Q−4−2α
2 φ(ǫr)−
Q− 4− 2α
2
(1− φ(ǫ−1r))r−
Q−2−2α
2 φ(ǫr)
+ ǫ(1 − φ(r/ǫ))r−
Q−4−2α
2 φ′(ǫr),
and
R2fǫ(r) = −
1
ǫ2
φ′′(ǫ−1r)r−
Q−4−2α
2 φ(ǫr) + ǫ2(1− φ(ǫ−1r))r−
Q−4−2α
2 φ′′(ǫr)
+
Q− 4− 2α
ǫ
φ′(ǫ−1r))r−
Q−2−2α
2 φ(ǫr)− ǫ(Q− 4− 2α)(1− φ(ǫ−1r))r−
Q−2−2α
2 φ′(ǫr)
+
(Q− 4− 2α)(Q− 2− 2α)
4
(1− φ(ǫ−1r))r−
Q−2α
2 φ(ǫr),
here we use the supports of φ′(r/ǫ) and φ′(ǫr) are disjoint for ǫ > 0 small enough. Thus,
we obtain
R2fǫ(r) = −
1
ǫ2
φ′′(ǫ−1r)r−
Q−4−2α
2 φ(ǫr) + ǫ2(1− φ(ǫ−1r))r−
Q−4−2α
2 φ′′(ǫr)
−
3 + 2α
ǫ
φ′(ǫ−1r))r−
Q−2−2α
2 φ(ǫr) + ǫ(3 + 2α)(1− φ(ǫ−1r))r−
Q−2−2α
2 φ′(ǫr)
− cα(1− φ(ǫ
−1r))r−
Q−2α
2 φ(ǫr).
This implies ∫
G
|R2fǫ|
2
|x|2α
dx = c2α(− ln ǫ)σ(S) +O(1).
We can easily check that ∫
G
|fǫ|
2
|x|4+2α
dx = (− ln ǫ)σ(S) +O(1),
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∫
G
∣∣∣∣R2fǫ|x|α + Q− 1|x|1+αRfǫ + cα fǫ|x|α+2
∣∣∣∣
2
dx = O(1),
and ∫
G
∣∣∣∣ 1|x|1+αRfǫ + Q− 4− 2α2|x|2+α fǫ
∣∣∣∣
2
dx = O(1).
These computations show that the constant c2α is sharp in (3.1).
The inequality (3.2) is trivial since cα > 0 for α ∈ (−Q/2, (Q − 4)/2). We next verify
the sharpness of constant. For ǫ > 0, consider the function fǫ as above. We then have
lim
ǫ→0
∫
G
1
|x|2α
∣∣∣R2fǫ + Q−1|x| Rfǫ∣∣∣2 dx∫
G
|fǫ|2
|x|4+2α
dx
= c2α,
which implies the sharpness of c2α.
Suppose that there exists equality in (3.2) for some function f . From Theorem 3.1, we
must have
Rf +
Q− 4− 2α
2|x|
f = 0 ⇔ Ef = −
Q− 4− 2α
2
f.
Lemm 2.1 implies that f is positively homogeneous of order −(Q − 4 − 2α)/2, i.e., there
exists function h : S→ C such that f(x) = |x|−(Q−4−2α)/2h(x/|x|). Since f(x)/|x|2+α is in
L2(G), we then have h = 0 on S or equivalently f = 0 on G.
We continue by extending Theorem 2.2 and Theorem 3.1 to derivatives of higher order.
This will be done in the following theorem.
Theorem 3.2. Let G be a homogeneous group of homogeneous dimension Q, and let | · |
be a quasi-norm on G and k be a positive integer and α ∈ R. For any complex-valued
function f ∈ C∞0 (G \ {0}) we have(
k−1∏
i=0
c2i+α
)2 ∫
G
|f |2
|x|4k+2α
dx
=
∫
G
|Rk2f |
2
|x|2α
dx−
∫
G
1
|x|2α
∣∣∣∣Rk2f + cαRk−12 f|x|2
∣∣∣∣
2
dx
−
k−1∑
j=1
(
j−1∏
i=0
c2i+α
)2 ∫
G
1
|x|4j+2α
∣∣∣∣∣Rk−j2 f + c2j+αR
k−j−1
2 f
|x|2
∣∣∣∣∣
2
dx
− 2cα
∫
G
1
|x|2+2α
∣∣∣∣R(Rk−12 f) + Q− 4− 2α2|x| Rk−12 f
∣∣∣∣
2
dx
− 2
k−1∑
j=1
(
j−1∏
i=0
c2i+α
)2
c2j+α
∫
G
1
|x|2+2α+4j
∣∣∣∣R(Rk−j−12 f) + Q− 4− 2α− 4j2|x| Rk−j−12 f
∣∣∣∣
2
dx,
(3.6)
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if Q ≥ 4k + 1, and(
Q− 2− 2α
2
k−1∏
i=0
c2i+1+α
)2 ∫
G
|f |2
|x|4k+2+2α
dx
=
∫
G
|R(Rk2f)|
2
|x|2α
dx−
∫
G
1
|x|2α
∣∣∣∣R(Rk2f) + Q− 2− 2α2|x| Rk2f
∣∣∣∣
2
dx
−
(Q− 2− 2α)2
4
∫
G
1
|x|2+2α
∣∣∣∣Rk2f + c1+αRk−12 f|x|2
∣∣∣∣
2
dx
−
(Q− 2− 2α)2
4
k−1∑
j=1
(
j−1∏
i=0
c2i+α
)2 ∫
G
1
|x|2+2α+4j
∣∣∣∣∣Rk−j2 f + c2j+1+αR
k−j−1
2 f
|x|2
∣∣∣∣∣
2
dx
−
(Q− 2− 2α)2
2
c1+α
∫
G
1
|x|4+2α
∣∣∣∣R(Rk−12 f) + Q− 6− 2α2|x| Rk−12 f
∣∣∣∣
2
dx
−
(Q− 2− 2α)2
2
k−1∑
j=1
(
j−1∏
i=0
c2i+1+α
)2
c2j+1+α×
×
∫
G
1
|x|4+2α+4j
∣∣∣∣R(Rk−j−12 f) + Q− 6− 2α− 4j2|x| Rk−j−12 f
∣∣∣∣
2
dx (3.7)
if Q ≥ 4k + 3.
As consequence, we following weighted Hardy–Rellich type inequalities for any complex-
valued function f ∈ C∞0 (G \ {0})(
k−1∏
i=0
c2i+α
)2 ∫
G
|f |2
|x|4k+2α
dx ≤
∫
G
|Rk2f |
2
|x|2α
dx (3.8)
if Q ≥ 4k + 1 and α ∈ (−Q/2, (Q− 4k)/2), and(
Q− 2− 2α
2
k−1∏
i=0
c2i+1+α
)2 ∫
G
|f |2
|x|4k+2+2α
dx ≤
∫
G
|R(Rk2f)|
2
|x|2α
dx (3.9)
if Q ≥ 4k + 3, k ≥ 1 and α ∈ (−(Q + 2)/2, (Q− 4k − 2)/2). Moreover, these inequalities
are sharp and the equality holds if and only if f = 0.
Proof. We first prove (3.6). If k = 1, it is exactly (3.1) from Theorem 3.1. If k > 1, it
follows by induction argument using consecutively Theorem 3.1.
We next prove (3.7). Using Theorem 2.2, we get∫
G
|R(Rk2f)|
2
|x|2α
dx
=
(Q− 2− 2α)2
4
∫
G
|Rk2f |
2
|x|2+2α
dx+
∫
G
1
|x|2α
∣∣∣∣R(Rk2f) + Q− 2− 2α2|x| Rk2f
∣∣∣∣
2
dx. (3.10)
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Thus, (3.7) follows from (3.6) and (3.10).
The inequalities (3.8) and (3.9) are trivial since c2i+α > 0, c2i+1+α > 0 for any i =
0, . . . , k − 1 corresponding to each case. To check the sharpness of constant, we use the
arguments as in the proof of Theorem 3.1 by approximating the function r−(Q−4k−2α)/2.
The straightforward and tedious computations show that∫
G
|fǫ|
2
|x|4k+2α
dx = (− ln ǫ)σ(S) +O(1),
and ∫
G
|Rk2f |
2
|x|2α
dx =
(
k−1∏
i=0
c2i+α
)2
(− ln ǫ)σ(S) +O(1).
This proves the sharpness of (3.8). For (3.9), we use the approximations of the function
r−(Q−2−4k−2α)/2 and make the same computations.
If equality holds in (3.8) for a function f . From (3.6), we see that
Rf +
Q− 2α− 4k
2|x|
f = 0 ⇐⇒ Ef = −
Q− 2α− 4k
2
f.
By Lemma 2.1, f is positive homogeneous of order −(Q − 2α− 4k)/2 which forces f = 0
since f/|x|α+2k ∈ L2(G). The same argument also works for the equality in (3.9).
The rest of this section is to establish the generalizations of (1.16) to the homogeneous
groups and its higher order versions. We first extend (1.16) to a weighted version on the
homogeneous groups as follows.
Theorem 3.3. Let G be a homogeneous group of homogeneous dimension Q ≥ 5. Let
| · | be any homogeneous quasi-norm on G. Then for any complex-valued function f ∈
C∞0 (G \ {0}), we have∫
G
|R2f |
2
|x|2α
dx =
(Q+ 2α)2
4
∫
G
|Rf |2
|x|2+2α
dx+
∫
G
1
|x|2α
∣∣∣∣R2f + Q− 2− 2α2|x| Rf
∣∣∣∣
2
dx, (3.11)
for any α ∈ R. As consequence, we get the following Rellich type inequality
(Q + 2α)2
4
∫
G
|Rf |2
|x|2+2α
dx ≤
∫
G
|R2f |
2
|x|2α
dx (3.12)
for any complex-valued function f ∈ C∞0 (G \ {0}) and α ∈ R. The inequality (3.12) is
sharp and equality hold if and only if f = 0.
Proof. Expanding the square of R2f , we get∫
G
|R2f |
2
|x|2α
dx =
∫
G
|R(Rf)|2
|x|2α
dx+ 2(Q− 1)ℜ
∫
G
R(Rf)Rf
|x|2α+1
dx+ (Q− 1)2
∫
G
|Rf |2
|x|2+2α
dx.
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Using integration by parts, we have
2ℜ
∫
G
R(Rf)Rf
|x|2α+1
dx = −(Q− 2− 2α)
∫
G
|Rf |2
|x|2+2α
dx.
By Theorem 2.2, we have∫
G
|R(Rf)|2
|x|2α
dx =
(Q− 2− 2α)2
4
∫
G
|Rf |2
|x|2+2α
dx+
∫
G
1
|x|2α
∣∣∣∣R2f + Q− 2− 2α2|x| Rf
∣∣∣∣
2
dx.
Gathering these equalities together, we obtain (3.11).
The inequality (3.12) is an immediate consequence of (3.11). The sharpness of (3.12)
is verified by using approximations of the function r−(Q−4−2α)/2. If equality in (3.12) holds
for some function f , then we must have
R2f +
Q− 2− 2α
2|x|
Rf = 0 ⇐⇒ E(Rf) = −
Q− 2− 2α
2
Rf
which implies that Rf is positively homogeneous of degree −(Q − 2 − 2α)/2 by Lemma
2.1. This will implies Rf = 0 since Rf/|x|1+α is in L2(G). Hence, so is f .
Combining Theorem 3.2 and Theorem 3.3, we obtain some new weighted Rellich type
inequalities.
Theorem 3.4. Let G be a homogeneous group of homogeneous dimension Q. Let | · | be
any homogeneous quasi-norm on G. Let k, l be nonnegative integers such that Q ≥ 4k + 1
and k ≥ l+1. Then for any complex-valued function f ∈ C∞0 (G\{0}) and α ∈ R, we have∫
G
|Rk2f |
2
|x|2α
dx
=
4
(Q− 2α)2
(
k−l−1∏
i=0
Q2 − 4(2i+ α)2
4
)2 ∫
G
|RRl2f |
2
|x|4(k−l)−2+2α
dx
+
(
k−l−2∏
i=0
c2i+α
)2 ∫
G
∣∣∣R2Rl2f + Q+2−4(k−l)−2α2|x| RRl2f ∣∣∣2
|x|4(k−l−1)+2α
dx
+
∫
G
∣∣∣Rk2f + cαRk−12 f|x|2 ∣∣∣2
|x|2α
dx+
k−l−2∑
j=1
(
j−1∏
i=0
c2i+α
)2 ∫
G
∣∣∣Rk−j2 f + c2j+αRk−j−12 f|x|2 ∣∣∣2
|x|4j+2α
dx
+ 2cα
∫
G
∣∣∣R(Rk−12 f) + Q−4−2α2|x| Rk−12 f ∣∣∣2
|x|2+2α
dx
+ 2
k−l−2∑
j=1
(
j−1∏
i=0
c2i+α
)2
c2j+α
∫
G
∣∣∣R(Rk−j−12 f) + Q−4−2α−4j2|x| Rk−j−12 f ∣∣∣2
|x|2+2α+4j
dx, (3.13)
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and ∫
G
|RRk2f |
2
|x|2α
dx
=
(
k−l−1∏
i=0
Q2 − 4(1 + α + 2i)2
4
)2 ∫
G
|RRl2f |
2
|x|4(k−l)+2α
dx
+
(Q− 2− 2α)2
4
(
k−l−2∏
i=0
c2i+1+α
)2 ∫
G
∣∣∣R2Rl2f + Q+2−4(k−l)−2α2|x| RRl2f ∣∣∣2
|x|4(k−l−1)+2+2α
dx
+
(Q− 2− 2α)2
4
∫
G
∣∣∣Rk2f + c1+αRk−12 f|x|2 ∣∣∣2
|x|2+2α
dx
+
(Q− 2− 2α)2
4
k−l−2∑
j=1
(
j−1∏
i=0
c2i+1+α
)2 ∫
G
∣∣∣Rk−j2 f + c2j+1+αRk−j−12 f|x|2 ∣∣∣2
|x|4j+2+2α
dx
+ 2c1+α
(Q− 2− 2α)2
4
∫
G
∣∣∣R(Rk−12 f) + Q−6−2α2|x| Rk−12 f ∣∣∣2
|x|4+2α
dx
+ 2
(Q− 2− 2α)2
4
k−l−2∑
j=1
(
j−1∏
i=0
c2i+1+α
)2
c2j+1+α×
×
∫
G
∣∣∣R(Rk−j−12 f) + Q−6−2α−4j2|x| Rk−j−12 f ∣∣∣2
|x|4+2α+4j
dx
+
∫
G
∣∣∣RRk2f + Q−2−2α2 Rk2f|x| ∣∣∣2
|x|2α
dx. (3.14)
As a consequence, the following weighted Rellich type inequalities holds for any complex-
valued function f ∈ C∞0 (G \ {0})
4
(Q− 2α)2
(
k−l−1∏
i=0
Q2 − 4(2i+ α)2
4
)2 ∫
G
|RRl2f |
2
|x|4(k−l)−2+2α
dx ≤
∫
G
|Rk2f |
2
|x|2α
dx, (3.15)
for any α ∈ (−Q/2, (Q− 4(k − l − 1))/2) if k ≥ l + 2 and α ∈ R if k = l + 1, and
(
k−l−1∏
i=0
Q2 − 4(1 + α + 2i)2
4
)2 ∫
G
|RRl2f |
2
|x|4(k−l)+2α
dx ≤
∫
G
|RRk2f |
2
|x|2α
dx, (3.16)
for any α ∈ (−(Q+2)/2, (Q−4(k−l)+2)/2) if k ≥ l+2 and α ∈ R if k = l+1. Moreover,
these inequalities (3.15) and (3.16) are sharp and equality holds if and only if f = 0.
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Proof. We first prove (3.13). Denote g = Rl+12 f and apply (3.6) for R
k−l−1
2 g and then
apply Theorem 3.3 for R2R
l
2f , we get the desired equality (3.13). Here we use the equality(
Q + 4(k − l − 1) + 2α
2
)2(k−l−2∏
i=0
c2i+α
)2
=
4
(Q− 2α)2
(
k−l−1∏
i=0
Q2 − 4(2i+ α)2
4
)2
.
To prove (3.14), we first apply (2.2) to RRk2f and then use (3.13) for R
k
2f with weights
|x|2(1+α) and the equality
(Q− 2− 2α)2
4
(Q + 4(k − l − 1) + 2 + 2α)2
4
(
k−l−2∏
i=0
c2i+1+α
)2
=
(
k−l−1∏
i=0
Q2 − 4(1 + α + 2i)2
4
)2
.
The inequalities (3.15) and (3.16) are implied from (3.13) and (3.14) respectively by
dropping the nonnegative remainder terms. The sharpness of (3.15) and (3.16) is verified
by using the approximations of the function r−(Q−4k−2α)/2 and the function r−(Q−4k−2−2α)/2
respectively.
Suppose that equality holds in (3.15) for a function f . It follows from (3.13) that
R(Rk−12 f) +
Q− 4− 2α
2|x|
Rk−12 f = 0 ⇐⇒ E(R
k−1
2 f) = −
Q− 4− 2α
2
Rk−12 f.
By Lemma 2.1, Rk−12 f is positively homogeneous of order −(Q − 4 − 2α)/2. Since
Rk−12 f/|x|
2+α ∈ L2(G), we then must have Rk−12 f = 0 which forces f = 0. Similar
arguments work for (3.16).
4 Weighted Lp−Hardy–Rellich type inequalities
In this section, we establish the Lp−weighted Hardy–Rellich type inequalities with p > 1,
i.e., Lp−version of the inequalities obtained in Section 3. Throughout this section, we will
use the following notation for p > 1 and α ∈ R
cp,α =
(Q− 2p− pα)(Q+ p′α)
pp′
, p′ =
p
p− 1
, and dp,α =
Q− p(1 + α)
p
. (4.1)
Let ξ, η ∈ C, denote
Rp(ξ, η) =
1
p
|η|p +
p− 1
p
|ξ|p − ℜ(|ξ|p−2ξη).
By the convexity of z → |z|p, we see that Rp(ξ, η) ≥ 0 and Rp(ξ, η) = 0 if and only if ξ = η.
If ξ, η ∈ R, we then have
Rp(ξ, η) = (p− 1)
∫ 1
0
|tξ + (1− t)η|p−2 t dt |ξ − η|2.
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We start by establish a weighted version of (1.19), i.e., a weighted Lp−Hardy inequality
on G which will be frequently used in this section.
Theorem 4.1. Let G be a homogeneous group of homogeneous dimension Q. Let | · | be
any homogeneous quasi-norm on G. Let 1 < p < Q, and for any complex-valued function
f ∈ C∞0 (G \ {0}), we have∫
G
|Rf |p
|x|pα
dx = |dp,α|
p
∫
G
|f |p
|x|p(1+α)
dx+ p
∫
G
1
|x|pα
Rp
(
−dp,α
f
|x|
,Rf
)
dx. (4.2)
for any α ∈ R. As consequence, we obtain the Lp−weighted Hardy inequality
|dp,α|
p
∫
G
|f |p
|x|p(1+α)
dx ≤
∫
G
|Rf |p
|x|pα
dx, (4.3)
for any α ∈ R such that Q−p(1+α) 6= 0 and any complex-valued function f ∈ C∞0 (G\{0}).
The constant |dp,α|
p is sharp and equality holds in (4.3) if and only if f = 0.
The case α = 0, Theorem 4.1 recovers Theorem 3.1 in [45]. The case p = 2 Theorem
4.1 recovers Theorem 2.2 of Ruzhansky and Suragan.
Proof. Using the polar coordinate (2.1), we have∫
G
|f |p
|x|p(1+α)
dx =
∫ ∞
0
rQ−p(1+α)−1
∫
S
|f(ry)|pdσ(y)dr
=
1
Q− p(1 + α)
∫ ∞
0
(rQ−p(1+α))′
∫
S
|f(ry)|pdσ(y)dr
= −
p
Q− p(1 + α)
ℜ
∫ ∞
0
rQ−p(1+α)
∫
S
|f(ry)|p−2f(ry)Rf(ry)dσ(y)dr
= −
p
Q− p(1 + α)
ℜ
∫
G
|f(ry)|p−2f(ry)
|x|(p−1)(1+α)
Rf
|x|α
dx
=
p− 1
p
∫
G
|f |p
|x|p(1+α)
dx+
1
p
(
p
|Q− p(1 + α)|
)p ∫
G
|Rf |p
|x|pα
dx
−
∫
G
Rp
(
f
|x|1+α
,−
p
Q− p(1 + α)
Rf
|x|α
)
dx. (4.4)
The equality (4.2) is now derived from (4.4).
The inequality (4.3) is an immediate consequence of (4.2). The sharpness of (4.3) is
verified by testing the approximations of the function r−(Q−p(1+α))/p. From (4.2) we see
that equality holds in (4.3) if and only if
Rp
(
−
Q− p(1 + α)
p
f
|x|
,Rf
)
= 0
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or equivalently
Rf = −
Q− p(1 + α)
p
f
|x|
⇐⇒ Ef = −
Q− p(1 + α)
p
f.
By Lemma 2.1, f is positively homogeneous of order −(Q−p(1+α))/p which forces f = 0
since |f |/|x|1+α is in Lp(G).
We next prove a weighted Lp−Rellich inequality on G which generalizes the inequality
(1.22) to the weighted version and for any p ∈ (1, Q/2) and generalizes the inequality (1.7)
to the setting of homogeneous groups.
Theorem 4.2. Let G be a homogeneous group of homogeneous dimension Q. Let | · | be
any homogeneous quasi-norm on G. Let 1 < p < Q/2, and for any complex-valued function
f ∈ C∞0 (G \ {0}), we have∫
G
|R2f |
p
|x|pα
dx = |cp,α|
p
∫
G
|f |p
|x|p(2+α)
dx+ p
∫
G
1
|x|pα
Rp
(
cp,α
f
|x|2
,−R2f
)
dx
+ p|cp,α|
p−2cp,α
(
(p− 1)
∫
G
|f |p−2
|x|p(2+α)−2
∣∣∣∣R|f |+ Q− p(2 + α)p|x| |f |
∣∣∣∣
2
dx
+
∫
G
|f |p−4(ℑ(fRf))2
|x|p(2+α)−2
dx
)
, (4.5)
for any α ∈ R, here ℑz denotes the imagine part of a complex number z ∈ C. As a conse-
quence, we obtain a weighted Lp−Rellich inequality in G for any α ∈ (−(p− 1)Q/p, (Q−
2p)/p) and any complex-valued function f ∈ C∞0 (G \ {0}) as follows
cpp,α
∫
G
|f |p
|x|p(2+α)
dx ≤
∫
G
|R2f |
p
|x|pα
dx. (4.6)
Moreover, the constant cpp,α is sharp and equality holds in (4.6) if and only if f = 0.
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Proof. Using the polar coordinate (2.1), we have
(Q− p(2 + α))(Q− p(2 + α) + 1)
p
∫
G
|f |p
|x|p(2+α)
dx
=
(Q− p(2 + α))(Q− p(2 + α) + 1)
p
∫ ∞
0
rQ−p(2+α)−1
∫
S
|f(ry)|pdσ(y)dr
=
(Q− p(2 + α) + 1)
p
∫ ∞
0
(rQ−p(2+α))′
∫
S
|f(ry)|pdσ(y)dr
= −(Q− p(2 + α) + 1)ℜ
∫ ∞
0
rQ−p(2+α)
∫
S
|f(ry)|p−2f(ry)Rf(ry)dσ(y)dr
= −ℜ
∫ ∞
0
(rQ−p(2+α)+1)′
∫
S
|f(ry)|p−2f(ry)Rf(ry)dσ(y)dr
= ℜ
∫ ∞
0
rQ−p(2+α)+1
∫
S
(
(p− 2)|f(ry)|p−4(ℜ(f(ry)Rf(ry)))2 + |f(ry)|p−2|Rf(ry)|2
+ |f(ry)|p−2f(ry)R2f(ry)
)
dσ(y)dr
= ℜ
∫
G
1
|x|p(2+α)−2
(
(p− 2)|f |p−4(ℜ(fRf))2 + |f |p−2|Rf |2 + |f |p−2fR2f
)
dx
= ℜ
∫
G
|f |p−2f
|x|(p−1)(2+α)
R2f
|x|α
dx− (Q− 1)ℜ
∫
G
|f |p−2fRf
|x|p(2+α)−1
dx
+ (p− 1)
∫
G
|f |p−4(ℜ(fRf))2
|x|p(2+α)−2
dx+
∫
G
|f |p−4(ℑ(fRf))2
|x|p(2+α)−2
dx
= ℜ
∫
G
|f |p−2f
|x|(p−1)(2+α)
R2f
|x|α
dx+
(Q− 1)(Q− p(2 + α))
p
∫
G
|f |p
|x|p(2+α)
dx
+
4(p− 1)
p2
∫
G
(R(|f |
p
2 ))2
|x|p(2+α)−2
dx+
∫
G
|f |p−4(ℑ(fRf))2
|x|p(2+α)−2
dx, (4.7)
here we use integration by parts for the last equality. Applying Theorem 2.2 for |f |
p
2 , we
have ∫
G
(R(|f |
p
2 ))2
|x|p(2+α)−2
dx =
(Q− p(2 + α))2
4
∫
G
|f |p
|x|p(2+α)
dx
+
∫
G
1
|x|p(2+α)−2
∣∣∣∣R|f | p2 + Q− p(2 + α)2|x| |f | p2
∣∣∣∣
2
dx.
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Plugging this equality into (4.7), we obtain∫
G
|f |p
|x|p(2+α)
dx
= −
1
cp,α
ℜ
∫
G
|f |p−2f
|x|(p−1)(2+α)
R2f
|x|α
dx−
1
cp,α
∫
G
|f |p−4(ℑ(fRf))2
|x|p(2+α)−2
dx
−
1
cp,α
4(p− 1)
p2
∫
G
1
|x|p(2+α)−2
∣∣∣∣R|f | p2 + Q− p(2 + α)2|x| |f | p2
∣∣∣∣
2
dx
=
p− 1
p
∫
G
|f |p
|x|p(2+α)
dx+
1
p
1
|cp,α|p
∫
G
|R2f |
p
|x|pα
dx−
∫
G
Rp
(
f
|x|2+α
,−
1
cp,α
R2f
|x|α
)
dx
−
4(p− 1)
p2cp,α
∫
G
1
|x|p(2+α)−2
∣∣∣∣R|f | p2 + Q− p(2 + α)2|x| |f | p2
∣∣∣∣
2
dx
−
1
cp,α
∫
G
|f |p−4(ℑ(fRf))2
|x|p(2+α)−2
dx. (4.8)
The equality (4.5) is now derived from (4.8) and the fact
R(|f |
p
2 ) =
p
2
|f |
p
2
−1R(|f |).
The inequality (4.6) is a direct consequence of (4.5) since cp,α > 0 under the condition of
α. The sharpness of (4.6) is verified by using approximations of the function r−(Q−p(2+α))/p.
Suppose that there is equality in (4.6) for some function f . From (4.5), we must have
R(|f |) +
Q− p(2 + α)
p|x|
|f | = 0 ⇐⇒ E(|f |) = −
Q− p(2 + α)
p
|f |.
Using Lemma 2.1 implies that |f | is positively homogeneous of degree −(Q− p(2 + α))/p
which forces f = 0 since |f |/|x|2+α is in Lp(G).
We next use Theorem 4.1 and Theorem 4.2 to establish the higher order versions of the
weighted Lp−Hardy and weighted Lp−Rellich inequalities. It gives an Lp analogue of the
weighted L2−Hardy–Rellich type inequalities obtained in Theorem 3.2. It also gives the
generalization of the inequalities (1.10) and (1.11) to the homogeneous groups. In order to
do this, we first establish the following interesting equalities.
Proposition 4.3. Let G be a homogeneous group of homogeneous dimension Q. Let | · |
be any homogeneous quasi-norm on G. Let k be a positive integer, 1 < p < Q/k and let α
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be any real number. For any complex-valued function f ∈ C∞0 (G \ {0}), we have∫
G
|Rl2f |
p
|x|pα
dx
=
∣∣∣∣∣
l−1∏
i=0
cp,2i+α
∣∣∣∣∣
p ∫
G
|f |p
|x|p(k+α)
dx+ p
∫
G
1
|x|pα
Rp
(
cp,α
Rl−12 f
|x|2
,−Rl2f
)
dx
+ p
l−1∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+α
∣∣∣∣∣
p ∫
G
1
|x|p(2j+α)
Rp
(
cp,2j+α
Rl−j−12 f
|x|2
,−Rl−j2 f
)
dx
+ p|cp,α|
p−2cp,α
[
(p− 1)
∫
G
|Rl−12 f |
p−2
|x|p(2+α)−2
∣∣∣∣R|Rl−12 f |+ Q− p(2 + α)p|x| |Rl−12 f |
∣∣∣∣
2
dx
+
∫
G
|Rl−12 f |
p−4(ℑ(Rl−12 f RR
l−1
2 f))
2
|x|p(2+α)−2
dx
]
+ p
l−1∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+α
∣∣∣∣∣
p
|cp,2j+α|
p−2cp,2j+α
[∫
G
|Rl−j−12 f |
p−4(ℑ(Rl−j−12 f RR
l−j−1
2 f))
2
|x|p(2(j+1)+α)−2
dx
+ (p− 1)
∫
G
|Rl−j−12 f |
p−2
|x|p(2(j+1)+α)−2
∣∣∣∣R|Rl−j−12 f |+ Q− p(2(j + 1) + α)p|x| |Rl−j−12 f |
∣∣∣∣
2
dx
]
. (4.9)
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if k = 2l, l ≥ 2, and∫
G
|R(Rl2f)|
p
|x|pα
dx
= |dp,α|
p
∣∣∣∣∣
l−1∏
i=0
cp,2i+1+α
∣∣∣∣∣
p ∫
G
|f |p
|x|p(k+α)
dx+ p
∫
G
1
|x|pα
Rp
(
−dp,α
Rl2f
|x|
,RRl2f
)
dx
+ p|dp,α|
p
∫
G
1
|x|p(1+α)
Rp
(
cp,1+α
Rl−12 f
|x|2
,−Rl2f
)
dx
+ p|dp,α|
p
l−1∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+1+α
∣∣∣∣∣
p ∫
G
1
|x|p(2j+1+α)
Rp
(
cp,2j+1+α
Rl−j−12 f
|x|2
,−Rl−j2 f
)
dx
+ p|dp,α|
p|cp,1+α|
p−2cp,1+α
[
(p− 1)
∫
G
|Rl−12 f |
p−2
|x|p(3+α)−2
∣∣∣∣R|Rl−12 f |+ Q− p(3 + α)p|x| |Rl−12 f |
∣∣∣∣
2
dx
+
∫
G
|Rl−12 f |
p−4(ℑ(Rl−12 f RR
l−1
2 f))
2
|x|p(3+α)−2
dx
]
+ p|dp,α|
p
l−1∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+1+α
∣∣∣∣∣
p
|cp,2j+1+α|
p−2cp,2j+1+α×
×
[∫
G
|Rl−j−12 f |
p−4(ℑ(Rl−j−12 f RR
l−j−1
2 f))
2
|x|p(2j+3+α)−2
dx
+ (p− 1)
∫
G
|Rl−j−12 f |
p−2
|x|p(2j+3+α)−2
∣∣∣∣R|Rl−j−12 f |+ Q− p(2j + 3 + α)p|x| |Rl−j−12 f |
∣∣∣∣
2
dx
]
. (4.10)
if k = 2l + 1, l ≥ 1 with remark that the terms concerning the sum from 1 to l − 1 do not
appear if l = 1.
Proof. The equality (4.9) is proved by using consecutively (4.5). The equality (4.10) is
consequence of (4.9) and (4.2).
By dropping the nonnegative remainder terms in (4.9) and (4.10), we obtain the fol-
lowing higher order weighted Lp−Hardy-Rellich type inequalities.
Theorem 4.4. Let G be a homogeneous group of homogeneous dimension Q. Let | · | be
any homogeneous quasi-norm on G and let α be any real number. For any complex-valued
function f ∈ C∞0 (G \ {0}), we have(
k−1∏
i=0
cp,2i+α
)p ∫
G
|f |p
|x|p(2k+α)
dx ≤
∫
G
|Rk2f |
p
|x|pα
dx, (4.11)
if 1 < p < Q/2k and α ∈ (−Q(p− 1)/p, (Q− 2pk)/p), and
dpp,α
(
k−1∏
i=0
cp,2i+1+α
)p ∫
G
|f |p
|x|p(2k+1+α)
dx ≤
∫
G
|RRk2f |
p
|x|pα
dx (4.12)
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if 1 < p < Q/(2k + 1) and α ∈ (−(Q + p′)/p′, (Q− p(2k + 1))/p). The inequalities (4.11)
and (4.12) are sharp and equality holds if and only if f = 0.
Proof. The inequalities (4.11) and (4.12) are evidently consequences of (4.9) and (4.9)
respectively since cp,2i+α ≥ 0 and cp,2i+1+α ≥ 0 for 0 ≤ i ≤ k−1 in this case. The sharpness
of the (4.11) and (4.12) is verified by approximating the function r−(Q−p(2k+α))/p and the
function r−(Q−p(2k+1+α))/p respectively where. Moreover, if equality holds for a function
f , then by Proposition 4.3, we must have that |f | is positive homogeneous of degree
−(Q− p(2k+α))/p (corresponding to (4.11)) and −(Q− p(2k+1+α))/p (corresponding
to (4.12)) which force f = 0 by the condition of Lp−integrability.
Theorem 4.4 implies the following uncertainly principles.
Corollary 4.5. Let k be a positive integer and p > 1. Let G be a homogeneous group of
homogeneous dimension Q > kp, and let | · | be any homogeneous quasi-norm on G. Then
for any complex-valued function f ∈ C∞0 (G \ {0}), we have(
l−1∏
i=0
cp,2i+α
)∫
G
|f |2dx ≤
(∫
G
|Rl2f |
p
|x|pα
dx
) 1
p
(∫
G
|f |p
′
|x|p
′(2l+α)dx
) 1
p′
(4.13)
if k = 2l, l ≥ 1 and for any α ∈ (−Q(p− 1)/p, (Q− 2pl)/p), and∣∣∣∣∣ dp,αcp,2l+1+α
l∏
i=0
cp,2i+1+α
∣∣∣∣∣
∫
G
|f |2dx ≤
(∫
G
|RRl2f |
p
|x|pα
dx
) 1
p
(∫
G
|f |p
′
|x|p
′(2l+1+α)dx
) 1
p′
(4.14)
if k = 2l + 1, l ≥ 0 and for any α ∈ (−(Q+ p′)/p′, (Q− p(2l + 1))/p) if l ≥ 1 and for any
α ∈ R if l = 0.
Proof. We first prove (4.13). By Ho¨lder inequality, we have
∫
G
|f |2dx =
∫
G
|f |
|x|2l+α
|f ||x|2l+αdx ≤
(∫
G
|f |p
|x|p(2l+α)
dx
) 1
p
(∫
G
|f |p
′
|x|p
′(2l+α)dx
) 1
p′
.
Now, applying the inequality (4.11) to the previous inequality, we get (4.13) with remark
that c2i+α > 0 for 0 ≤ i ≤ l − 1 for α ∈ (−Q(p− 1)/p, (Q− 2pl)/p).
The inequality (4.14) is proved by the similar way.
Corollary 4.5 contains an uncertainly principle on the homogeneous group established
by Ruzhansky and Suragan [45, Corollary 3.4] which corresponds to the case k = 1 and
α = 0. For the other cases, the inequalities in Corollary 4.5 seem to be new.
We next establish a Lp version of Theorem 3.3 for p ∈ (1, Q/2). To do this, we will
need the following equality.
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Proposition 4.6. Let G be a homogeneous group of homogeneous dimension Q. Let | · |
be any homogeneous quasi-norm on G. Let | · | be any homogeneous quasi-norm on G and
1 < p < Q. Then for any complex-valued function f ∈ C∞0 (G \ {0}), we have∫
G
1
|x|pα
∣∣∣∣Rf + Q− 1r f
∣∣∣∣
p
dx
=
|Q+ p′α|p
(p′)p
∫
G
|f |p
|x|p(1+α)
dx+ p
∫
G
1
|x|pα
Rp
(
Q+ p′α
p′
f
|x|
,Rf +
Q− 1
|x|
f
)
dx (4.15)
for any α ∈ R with p′ = p/(p− 1).
Proof. Using the polar coordinate (2.1), we have∫
G
|f |p
|x|p(1+α)
dx
=
∫ ∞
0
rQ−p(1+α)−1
∫
S
|f(ry)|pdσ(y)dr
=
1
Q− p(1 + α)
∫ ∞
0
(rQ−p(1+α))′
∫
S
|f(ry)|pdσ(y)dr
= −
p
Q− p(1 + α)
ℜ
∫ ∞
0
rQ−p(1+α)
∫
S
|f(ry)|p−2f(ry)Rf(ry)dσ(y)dy
= −
p
Q− p(1 + α)
ℜ
∫
G
|f |p−2f Rf
|x|p(1+α)−1
dx
= −
p
Q− p(1 + α)

ℜ ∫
G
|f |p−2f
|x|(p−1)(1+α)
Rf + Q−1
|x|
f
|x|α
− (Q− 1)
∫
G
|f |p
|x|p(1+α)
dx

 .
This equality implies∫
G
|f |p
|x|p(1+α)
dx =
p′
Q + p′α
ℜ
∫
G
|f |p−2f
|x|(p−1)(1+α)
Rf + Q−1
|x|
f
|x|α
=
p− 1
p
∫
G
|f |p
|x|p(1+α)
dx+
1
p
(p′)p
|Q+ p′α|p
∫
G
1
|x|pα
∣∣∣∣Rf + Q− 1|x| f
∣∣∣∣
2
dx
−
∫
G
Rp
(
f
|x|1+α
,
p′
Q + p′α
Rf + Q−1
|x|
f
|x|α
)
dx
which yields our desired result (4.15).
Using Lemma 4.6, we get the following Lp analogue of Theorem 3.3.
Theorem 4.7. Let G be a homogeneous group of homogeneous dimension Q. Let | · | be
any homogeneous quasi-norm on G. Let | · | be any homogeneous quasi-norm on G and
1 < p < Q/2. Then for any complex-valued function f ∈ C∞0 (G \ {0}), we have∫
G
|R2f |
p
|x|pα
dx =
|Q+ p′α|p
(p′)p
∫
G
|Rf |p
|x|p(1+α)
dx+ p
∫
G
1
|x|pα
Rp
(
Q + p′α
p′
Rf
|x|
,R2f
)
dx (4.16)
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for any α ∈ R. As consequence, we obtain the following weighted Lp−Rellich type inequality
|Q + p′α|p
(p′)p
∫
G
|Rf |p
|x|p(1+α)
dx ≤
∫
G
|R2f |
p
|x|pα
dx, (4.17)
for any α ∈ R and for any complex-valued function f ∈ C∞0 (G \ {0}). Moreover, the
inequality (4.17) is sharp and equality holds if and only if f = 0.
Proof. The equality (4.16) is exactly (4.15) with f being replaced by Rf . The inequality
(4.17) is immediately implies from (4.16) by dropping the nonnegative remainder term on
the right hand side of (4.16). The sharpness of (4.17) is proved by using approximations
of the function r−(Q−p(1+α))/p. If equality occurs in (4.17) by a function f , then by (4.16),
we must have
R2f =
Q+ p′α
p′|x|
Rf,
which is equivalent to
R2f +
Q− p(1 + α)
p|x|
Rf = 0 ⇐⇒ E(Rf) = −
Q− p(1 + α)
p
Rf.
Hence Rf is positively homogeneous of degree −(Q − p(1 + α))/p, by Lemma 2.1, which
forces Rf = 0 since Rf/|x|1+α is in Lp(G). Thus, we get f = 0.
Combining Theorem 4.7 and Theorem 4.3, we obtain the following weighted Lp−Rellich
type inequality which is a Lp analogue of Theorem 3.4.
Theorem 4.8. Let G be a homogeneous group of homogeneous dimension Q. Let | · | be
any homogeneous quasi-norm on G. Let k, l be nonnegative integers such that k ≥ l + 1
and let p > 1. Then for any α ∈ R and for any complex-valued function f ∈ C∞0 (G \ {0}),
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we have∫
G
|Rk2f |
p
|x|pα
dx
=
pp
|Q− pα|p
∣∣∣∣∣
k−l−1∏
i=0
(Q− p(2i+ α))(Q+ p′(2i+ α))
pp′
∣∣∣∣∣
p ∫
G
|RRl2f |
p
|x|p(2(k−l)−1+α)
dx
+ p
∣∣∣∣∣
k−l−2∏
i=0
cp,2i+α
∣∣∣∣∣
p ∫
G
Rp
(
Q+p′(2(k−l−1)+α)
p′
RRl
2
f
|x|
,Rl+12 f
)
|x|p(2(k−l−1)+α)
dx
+ p
∫
G
Rp
(
−cp,α
Rk−1
2
f
|x|2
,Rk2f
)
|x|pα
dx
+ p
k−l−2∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+α
∣∣∣∣∣
p ∫
G
Rp
(
−cp,2j+α
Rk−j−1
2
f
|x|2
,Rk−j2 f
)
|x|p(2j+α)
dx
+ p|cp,α|
p−2cp,α
[
(p− 1)
∫
G
|Rk−12 f |
p−2
|x|p(2+α)−2
∣∣∣∣R|Rk−12 f |+ Q− p(2 + α)p|x| |Rk−12 f |
∣∣∣∣
2
dx
+
∫
G
|Rk−12 f |
p−4(ℑ(Rk−12 f RR
k−1
2 f))
2
|x|p(2+α)−2
dx
]
+ p
k−l−2∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+α
∣∣∣∣∣
p
|cp,2j+α|
p−2cp,2j+α
[∫
G
|Rk−j−12 f |
p−4(ℑ(Rk−j−12 f RR
k−j−1
2 f))
2
|x|p(2(j+1)+α)−2
dx
+ (p− 1)
∫
G
|Rk−j−12 f |
p−2
|x|p(2(j+1)+α)−2
∣∣∣∣R|Rk−j−12 f |+ Q− p(2(j + 1) + α)p|x| |Rk−j−12 f |
∣∣∣∣
2
dx
]
,
(4.18)
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and∫
G
|RRk2f |
p
|x|pα
dx
=
∣∣∣∣∣
k−l−1∏
i=0
(Q− p(2i+ 1 + α))(Q+ p′(2i+ 1 + α))
pp′
∣∣∣∣∣
p ∫
G
|RRl2f |
p
|x|p(2(k−l)+α)
dx
+ p|dp,α|
p
∣∣∣∣∣
k−l−2∏
i=0
cp,2i+1+α
∣∣∣∣∣
p ∫
G
Rp
(
Q+p′(2(k−l)−1+α)
p′
RRl
2
f
|x|
,Rl+12 f
)
|x|p(2(k−l)−1+α)
dx
+ p|dp,α|
p
∫
G
Rp
(
−cp,1+α
Rk−1
2
f
|x|2
,Rk2f
)
|x|p(1+α)
dx
+ p|dp,α|
p
k−l−2∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+1+α
∣∣∣∣∣
p ∫
G
Rp
(
−cp,2j+1+α
Rk−j−1
2
f
|x|2
,Rk−j2 f
)
|x|p(2j+1+α)
dx
+ p|dp,α|
p|cp,1+α|
p−2cp,1+α
[∫
G
|Rk−12 f |
p−4(ℑ(Rk−12 f RR
k−1
2 f))
2
|x|p(3+α)−2
dx
+ (p− 1)
∫
G
|Rk−12 f |
p−2
|x|p(3+α)−2
∣∣∣∣R|Rk−12 f |+ Q− p(3 + α)p|x| |Rk−12 f |
∣∣∣∣
2
dx
]
+ p|dp,α|
p
k−l−2∑
j=1
∣∣∣∣∣
j−1∏
i=0
cp,2i+1+α
∣∣∣∣∣
p
|cp,2j+1+α|
p−2cp,2j+1+α×
×
[∫
G
|Rk−j−12 f |
p−4(ℑ(Rk−j−12 f RR
k−j−1
2 f))
2
|x|p(2(j+1)+1+α)−2
dx
+ (p− 1)
∫
G
|Rk−j−12 f |
p−2
|x|p(2(j+1)+1+α)−2
∣∣∣∣R|Rk−j−12 f |+ Q− p(2(j + 1) + α)p|x| |Rk−j−12 f |
∣∣∣∣
2
dx
]
p
∫
G
1
|x|pα
Rp
(
−
Q− p− pα
p
Rk2f
|x|
,RRk2f
)
dx. (4.19)
As a consequence, the following weighted Lp−Rellich type inequalities holds for any function
f ∈ C∞0 (G \ {0})
pp
|Q− pα|p
∣∣∣∣∣
k−l−1∏
i=0
(Q− p(2i+ α))(Q+ p′(2i+ α))
pp′
∣∣∣∣∣
p ∫
G
|RRl2f |
p
|x|p(2(k−l)−1+α)
dx ≤
∫
G
|Rk2f |
p
|x|pα
dx,
(4.20)
for any α ∈ (−Q(p−1)/p, (Q−2p(k− l−1))/2) if k− l ≥ 2 and for any α ∈ R if k = l+1,
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and∣∣∣∣∣
k−l−1∏
i=0
(Q− p(2i+ 1 + α))(Q+ p′(2i+ 1 + α))
pp′
∣∣∣∣∣
p ∫
G
|RRl2f |
p
|x|p(2(k−l)−1+α)
dx ≤
∫
G
|RRk2f |
p
|x|pα
dx,
(4.21)
for any α ∈ (−(Q + p′)/p′, (Q− p(2(k − l − 1) + 1))/p) if k − l ≥ 2 and for any α ∈ R if
k = l + 1. Moreover, these inequalities (4.20) and (4.21) are sharp and equality holds if
and only if f = 0.
5 The critical Rellich type inequalities
This section is devoted to study the critical Rellich inequalities. Let us start by recalling
a family of logarithmic Hardy inequalities in [43].
Proposition 5.1. Let G be a homogeneous group of homogeneous dimension Q ≥ 2 and
a homogeneous quasi-norm denoted by | · |. Let f ∈ C∞0 (G \ {0}) be any complex-valued
function and denote fR(x) = f(Rx/|x|) with x ∈ G and R > 0. Then we have∫
G
|Rf |p
|x|Q−p
dx =
(
p− 1
p
)p ∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx
+ p
∫
G
1
|x|Q−p
Rp
(
−
p− 1
p
f − fR
|x| ln R
|x|
,Rf
)
dx (5.1)
for any 1 < p < ∞ and any R > 0. As a consequence, we obtain the following critical
Hardy inequality on G,(
p− 1
p
)p
sup
R>0
∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx ≤
∫
G
|Rf |p
|x|Q−p
dx, 1 < p <∞, (5.2)
any complex-valued function f ∈ C∞0 (G \ {0}). Moreover, the constant ((p − 1)/p)
p is
sharp.
Our main aim of this section is to extend the critical Hardy inequality (5.2) to the
higher order derivatives, i.e., to establish the critical Rellich type inequalities on G. To do
this, we first prove a critical Rellich inequality for R2 as follows.
Theorem 5.2. Let G be a homogeneous group of homogeneous dimension Q ≥ 3 and a
homogeneous quasi-norm denoted by | · |. Let f ∈ C∞0 (G \ {0}) be any complex-valued
function and denote fR(x) = f(Rx/|x|) with x ∈ G and R > 0. Then we have∫
G
|R2f |
p
|x|Q−2p
dx =
(
Q− 2
p′
)p ∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx+ p
∫
G
1
|x|Q−2p
Rp
(
(Q− 2)
Rf
|x|
,R2f
)
dx
+ p(Q− 2)p
∫
G
1
|x|Q−p
Rp
(
−
p− 1
p
f − fR
|x| ln R
|x|
,Rf
)
dx, (5.3)
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for any 1 < p < ∞ and any R > 0. As a consequence, we obtain the following critical
Rellich inequality on G,(
Q− 2
p′
)p
sup
R>0
∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx ≤
∫
G
|R2f |
p
|x|Q−2p
dx, 1 < p <∞, (5.4)
any complex-valued function f ∈ C∞0 (G \ {0}). Moreover, the constant ((Q − 2)/p
′)p is
sharp.
Proof. It follows from Theorem 4.7 for α = (Q− 2p)/p that∫
G
|R2f |
p
|x|Q−2p
dx = (Q− 2)p
∫
G
|Rf |p
|x|Q−p
dx+ p
∫
G
1
|x|Q−2p
Rp
(
(Q− 2)
Rf
|x|
,R2f
)
dx
Plugging (5.1) into the previous equality, we obtain (5.3). The inequality (5.4) is an
immediate consequence of (5.3). It remains to check the sharpness of (5.4). For ǫ, δ > 0
small enough and R > 2, define the function
fδ(x) =
(
ln
R
|x|
)1− 1
p
−δ
φ(|x|),
where φ is the function as in the proof of Theorem 3.1. By the direct computations, we
have
Rfδ(r) = −
(
1−
1
p
− δ
)
1
r
(
ln
R
r
)− 1
p
−δ
φ(r) +
(
ln
R
r
)1− 1
p
−δ
φ′(r)
and
R2fδ(r)
= −2
(
1−
1
p
− δ
)
1
r
(
ln
R
r
)− 1
p
−δ
φ′(r)−
(
1−
1
p
− δ
)(
1
p
+ δ
)
1
r2
(
ln
R
r
)−1− 1
p
−δ
φ(r)
+
(
1−
1
p
− δ
)
1
r2
(
ln
R
r
)− 1
p
−δ
φ(r) +
(
ln
R
r
)1− 1
p
−δ
φ′′(r)
Thus, we obtain
R2fδ(r)
= −2
(
1−
1
p
− δ
)
1
r
(
ln
R
r
)− 1
p
−δ
φ′(r)− (Q− 2)
(
1−
1
p
− δ
)
1
r2
(
ln
R
r
)− 1
p
−δ
φ(r)
−
(
1−
1
p
− δ
)(
1
p
+ δ
)
1
r2
(
ln
R
r
)−1− 1
p
−δ
φ(r) +
(
ln
R
r
)1− 1
p
−δ
R2φ(r).
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Evidently, (fδ)R = 0 and∫
G
|fδ − (fδ)R|
p
|x|Q
∣∣∣ln R|x|∣∣∣p dx = σ(S)
∫ 2
0
1
r
(lnR− ln r)−1−δp φ(r)pdr
≥ σ(S)
∫ 1
0
1
r
(lnR − ln r)−1−δp dr
=
1
δp
(lnR)−pδ|S|.
Hence
lim
δ→0
∫
G
|fδ − (fδ)R|
p
|x|Q
∣∣∣ln R|x|∣∣∣p dx =∞.
It is easy to check that
∫
G
1
|x|Q−2p
∣∣∣∣∣ 1|x|
(
ln
R
|x|
)− 1
p
−δ
φ′(|x|)
∣∣∣∣∣
p
dx = O(1),
∫
G
1
|x|Q−2p
∣∣∣∣∣ 1|x|2
(
ln
R
|x|
)−1− 1
p
−δ
φ(|x|)
∣∣∣∣∣
p
dx = O(1),
∫
G
1
|x|Q−2p
∣∣∣∣∣
(
ln
R
|x|
)1− 1
p
−δ
R2φ(|x|)
∣∣∣∣∣
p
dx = O(1),
and ∫
G
1
|x|Q−2p
∣∣∣∣∣ 1|x|2
(
ln
R
|x|
)− 1
p
−δ
φ(|x|)
∣∣∣∣∣
p
dx = σ(S)
∫ 2
0
1
r
(lnR − ln r)−1−pδ φ(r)dr
=
∫
G
|fδ − (fδ)R|
p
|x|Q
∣∣∣ln R|x|∣∣∣p dx.
Consequently, we get
lim
δ→0
∫
G
|R2fδ|
p
|x|Q−2p∫
G
|fδ−(fδ)R|p
|x|Q|ln R|x| |
pdx
=
(
Q− 2
p′
)p
.
This proves the sharpness of (5.4).
We next combine Theorem 5.2 together with Theorem 4.1 and Theorem 4.3 to establish
the critical Hardy–Rellich type inequalities of higher orders. Denote
aj,Q = 2j(Q− 2j − 2).
Then the following equalities holds true.
32
Proposition 5.3. Let G be a homogeneous group of homogeneous dimension Q and a
homogeneous quasi-norm denoted by | · |. Let f ∈ C∞0 (G \ {0}) be any complex-valued
function and denote fR(x) = f(Rx/|x|) with x ∈ G and R > 0. Then we have for any
R > 0,∫
G
|Rk2f |
p
|x|Q−2kp
dx
=
(
Q− 2
p′
)p(k−1∏
i=1
ai,Q
)p ∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx
+ p
(
k−1∏
i=1
ai,Q
)p ∫
G
1
|x|Q−2p
Rp
(
(Q− 2)
Rf
|x|
,R2f
)
dx
+ p(Q− 2)p
(
k−1∏
i=1
ai,Q
)p ∫
G
1
|x|Q−p
Rp
(
−
p− 1
p
f − fR
|x| ln R
|x|
,Rf
)
dx
+ p
∫
G
1
|x|Q−2kp
Rp
(
−ak−1,Q
Rk−12 f
|x|2
,Rk2f
)
dx
+ p
k−2∑
j=1
(
k−1∏
i=k−j
ai,Q
)p ∫
G
1
|x|Q−2(k−j)p
Rp
(
−ak−j−1,Q
Rk−j−12 f
|x|2
,Rk−j2 f
)
dx
+ pap−1k−1,Q
[
(p− 1)
∫
G
|Rk−12 f |
p−2
|x|Q−2(k−1)p−2
∣∣∣∣R|Rk−12 f |+ 2(k − 1)|x| |Rk−12 f |
∣∣∣∣
2
dx
+
∫
G
|Rk−12 f |
p−4(ℑ(Rk−12 f RR
k−1
2 f))
2
|x|Q−2(k−1)p−2
dx
]
+ p
l−1∑
j=1
(
k−1∏
i=k−j
ak−i−1,Q
)p
ap−1k−j−1,Q
[∫
G
|Rk−j−12 f |
p−4(ℑ(Rk−j−12 f RR
k−j−1
2 f))
2
|x|Q−2(k−j−1)p−2
dx
+ (p− 1)
∫
G
|Rk−j−12 f |
p−2
|x|Q−2(k−j−1)p−2
∣∣∣∣R|Rk−j−12 f |+ Q− p(2(j + 1) + α)p|x| |Rk−j−12 f |
∣∣∣∣
2
dx
]
(5.5)
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if 2 ≤ k < Q/2, and∫
G
|RRk2f |
p
|x|Q−(2k+1)p
dx
= (2k)p
(
Q− 2
p′
)p(k−1∏
i=1
ai,Q
)p ∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx
+ p(2k)p
(
k−1∏
i=1
ai,Q
)p ∫
G
1
|x|Q−2p
Rp
(
(Q− 2)
Rf
|x|
,R2f
)
dx
+ p(2k)p(Q− 2)p
(
k−1∏
i=1
ai,Q
)p ∫
G
1
|x|Q−p
Rp
(
−
p− 1
p
f − fR
|x| ln R
|x|
,Rf
)
dx
+ p(2k)p
∫
G
1
|x|Q−2kp
Rp
(
−ak−1,Q
Rk−12 f
|x|2
,Rk2f
)
dx
+ p(2k)p
k−2∑
j=1
(
k−1∏
i=k−j
ai,Q
)p ∫
G
1
|x|Q−2(k−j)p
Rp
(
−ak−j−1,Q
Rk−j−12 f
|x|2
,Rk−j2 f
)
dx
+ p(2k)pap−1k−1,Q
[
(p− 1)
∫
G
|Rk−12 f |
p−2
|x|Q−2(k−1)p−2
∣∣∣∣R|Rk−12 f |+ 2(k − 1)|x| |Rk−12 f |
∣∣∣∣
2
dx
+
∫
G
|Rk−12 f |
p−4(ℑ(Rk−12 f RR
k−1
2 f))
2
|x|Q−2(k−1)p−2
dx
]
+ p(2k)p
k−2∑
j=1
(
k−1∏
i=k−j
ak−i−1,Q
)p
ap−1k−j−1,Q
[∫
G
|Rk−j−12 f |
p−4(ℑ(Rk−j−12 f RR
k−j−1
2 f))
2
|x|Q−2(k−j−1)p−2
dx
+ (p− 1)
∫
G
|Rk−j−12 f |
p−2
|x|Q−2(k−j−1)p−2
∣∣∣∣R|Rk−j−12 f |+ Q− p(2(j + 1) + α)p|x| |Rk−j−12 f |
∣∣∣∣
2
dx
]
+ p
∫
G
1
|x|Q−(2k+1)p
Rp
(
−2k
Rk2f
|x|
,RRk2f
)
dx, (5.6)
if 1 ≤ k < (Q− 1)/2.
Proof. We first prove (5.5). Denote g = R2f . Applying (4.9) to the function g and
l = k − 1, and then using (5.3), we obtain (5.5).
We next prove (5.6). Using Theorem 4.1 with α = (Q− (2k + 1)p)/p we get∫
G
|RRk2f |
p
|x|Q−(2k+1)p
dx = (2k)p
∫
G
|Rk2f |
p
|x|Q−2kp
dx+ p
∫
G
1
|x|Q−(2k+1)p
Rp
(
−2k
Rk2f
|x|
,RRk2f
)
dx.
Combining the previous equality together with (5.5) implies (5.6).
By dropping the nonnegative remainder terms, Proposition 5.3 yields the following
critical Hardy–Rellich type inequalities on G which are extensions of the critical Hardy
inequality (5.2) and the critical Rellich inequality (5.4) to higher order of derivatives.
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Theorem 5.4. Let G be a homogeneous group of homogeneous dimension Q and a homo-
geneous quasi-norm denoted by | · |. Let f ∈ C∞0 (G \ {0}) be any complex-valued function
and denote fR(x) = f(Rx/|x|) with x ∈ G and R > 0. Then we have(
2k−1(k − 1)!
p′
k−1∏
i=0
(Q− 2i− 2)
)p
sup
R>0
∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx ≤
∫
G
|Rk2f |
p
|x|Q−2kp
dx, (5.7)
for any 2 ≤ k < Q/2 and for any p > 1, and(
2kk!
p′
k−1∏
i=0
(Q− 2i− 2)
)p
sup
R>0
∫
G
|f − fR|
p
|x|Q
∣∣∣ln R|x|∣∣∣pdx ≤
∫
G
|RRk2f |
p
|x|Q−(2k+1)p
dx, (5.8)
for any 1 ≤ k ≤ (Q− 1)/2 and for any p > 1. Moreover, the inequalities (5.7) and (5.8)
are sharp.
Proof. Obviously that ai,Q ≥ 0 for 1 ≤ i ≤ k− 1, hence the inequalities (5.7) and (5.8) are
immediate consequence of (5.5) and (5.6) respectively with the remark that
(
Q− 2
p′
)p(k−1∏
i=1
ai,Q
)p
=
(
2k−1(k − 1)!
p′
k−1∏
i=0
(Q− 2i− 2)
)p
,
and
(2k)p
(
Q− 2
p′
)p(k−1∏
i=1
ai,Q
)p
=
(
2kk!
p′
k−1∏
i=0
(Q− 2i− 2)
)p
.
To verify the sharpness of (5.7) and (5.8), we consider the test functions
fδ(x) =
(
ln
R
|x|
)1− 1
p
−δ
φ(|x|),
as used in the proof of Theorem 5.2 and make the same computations. We skip the slightly
tedious details.
Theorem 5.4 implies the following uncertainly type principles
Corollary 5.5. Let G be a homogeneous group of homogeneous dimension Q and let | · |
be any homogeneous quasi-norm on G. Let k be a positive integer less than Q. Then for
any f ∈ C∞0 (G \ {0}), any R > 0 and p, q > 1 such that 1/p+ 1/q = 1/2, we have
2l−1(l − 1)!
p′
(
l−1∏
i=0
(Q− 2i− 2)
)∫
G
|f |2|f − fR|
2
|x|
2Q
p | ln R
|x|
|2
dx


1
2
≤ ‖f‖Lq(G)
(∫
G
|Rl2f |
p
|x|Q−2lp
dx
) 1
p
(5.9)
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if k = 2l, l ≥ 1 and
2ll!
p′
(
l−1∏
i=0
(Q− 2i− 2)
)∫
G
|f |2|f − fR|
2
|x|
2Q
p | ln R
|x|
|2
dx ≤ ‖f‖Lq(G)
(∫
G
|RRl2f |
p
|x|Q−(2l+1)p
dx
) 1
p
(5.10)
if k = 2l + 1, l ≥ 0.
Also, we have for any complex-valued function f ∈ C∞0 (G \ {0})
2l−1(l − 1)!
p′
(
l−1∏
i=0
(Q− 2i− 2)
)∫
G
|f − fR|
2
|x|Q| ln R
|x|
|2
dx
≤
(∫
G
|Rl2f |
p
|x|Q−2lp
dx
) 1
p
(∫
G
|f − fR|
p′
|x|Q| ln R
|x|
|p′
dx
) 1
p′
(5.11)
if k = 2l, l ≥ 1, and
2ll!
p′
(
l−1∏
i=0
(Q− 2i− 2)
)∫
G
|f − fR|
2
|x|Q| ln R
|x|
|2
dx
≤
(∫
G
|RRl2f |
p
|x|Q−(2l+1)p
dx
) 1
p
(∫
G
|f − fR|
p′
|x|Q| ln R
|x|
|p′
dx
) 1
p′
(5.12)
if k = 2l + 1, l ≥ 0.
Proof. These inequalities are consequence of Theorem 5.4 and Ho¨lder inequality.
Again, Corollary 5.5 contains a uncertainly type principle on the homogeneous group
recently proved by Ruzhansky and Suragan [43, Corollary 3.2] corresponding to the case
k = 1. Corollary 5.5 provides an extension of their result to the higher order derivative.
6 The inequalities in the Euclidean space
We restrict ourselves in this section to the Euclidean space, i.e., the abelian case G =
(Rn,+) and Q = n. Let | · | denote the usual Euclidean norm on Rn. In this case, R is
exactly the derivative in the radial direction, i.e., ∂r, and
R2 = ∂
2
r +
n− 1
r
∂r =: ∆r
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to be the radial Laplacian. In the sequel, we collect some inequalities obtained from
previous sections when restricting to the Euclidean space Rn. Firstly, Theorem 3.2 gives(
k−1∏
i=0
c2i+α
)2 ∫
Rn
|f |2
|x|4k+2α
dx
=
∫
Rn
|∆krf |
2
|x|2α
dx−
∫
Rn
1
|x|2α
∣∣∣∣∆krf + cα∆k−1r f|x|2
∣∣∣∣
2
dx
−
k−1∑
j=1
(
j−1∏
i=0
c2i+α
)2 ∫
Rn
1
|x|4j+2α
∣∣∣∣∆k−jr f + c2j+α∆k−j−1r f|x|2
∣∣∣∣
2
dx
− 2cα
∫
Rn
∣∣∣|x|1−n2 ∂r(|x|n−2α−42 ∆k−1r f)∣∣∣2 dx
− 2
k−1∑
j=1
(
j−1∏
i=0
c2i+α
)2
c2j+α
∫
Rn
∣∣∣|x|1−n2 ∂r(|x|n−2α−4−4j2 ∆k−j−1r f)∣∣∣2 dx, (6.1)
and(
n− 2− 2α
2
k−1∏
i=0
c2i+1+α
)2 ∫
Rn
|f |2
|x|4k+2+2α
dx
=
∫
Rn
|∂r(∆
k
rf)|
2
|x|2α
dx−
∫
Rn
∣∣∣|x|1−n2 ∂r(|x|n−2α−22 ∆krf)∣∣∣2 dx
−
(n− 2− 2α)2
4
∫
Rn
1
|x|2+2α
∣∣∣∣∆krf + c1+α∆k−1r f|x|2
∣∣∣∣
2
dx
−
(n− 2− 2α)2
4
k−1∑
j=1
(
j−1∏
i=0
c2i+α
)2 ∫
Rn
1
|x|2+2α+4j
∣∣∣∣∆k−jr f + c2j+1+α∆k−j−1r f|x|2
∣∣∣∣
2
dx
−
(n− 2− 2α)2
2
c1+α
∫
Rn
∣∣∣|x|1−n2 ∂r(|x|n−2α−62 ∆k−1r f)∣∣∣2 dx
−
(n− 2− 2α)2
2
k−1∑
j=1
(
j−1∏
i=0
c2i+1+α
)2
c2j+1+α
∫
Rn
∣∣∣|x|1−n2 ∂r(|x|n−2α−6−4j2 ∆k−j−1r f)∣∣∣2 dx
(6.2)
for any function f ∈ C∞0 (R
n \ {0}). The equality (6.2) with k = α = 0 was proved by
Machihara, Ozawa and Wadade in [34]. The equality (6.1) with k = 1 and α = 0 was
proved by these same authors in [35]. We believe that the other cases of (6.1) and (6.2)
to be new. Evidently, (6.1) and (6.2) imply the following weighted L2-Hardy–Rellich type
inequalities(
k−1∏
i=0
(n + 4i+ 2α)(n− 4i− 2α− 4)
4
)2 ∫
Rn
|f |2
|x|4k+2α
dx ≤
∫
Rn
|∆krf |
2
|x|2α
dx (6.3)
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for n ≥ 4k + 1, α ∈ (−n/2, (n− 4k)/2), and(
n− 2− 2α
2
k−1∏
i=0
(n + 4i+ 2 + 2α)(n− 4i− 6− 2α)
4
)2 ∫
Rn
|f |2
|x|4k+2+2α
dx
≤
∫
Rn
|∂r(∆
k
rf)|
2
|x|2α
dx (6.4)
for n ≥ 4k + 3, α ∈ (−(n+ 2)/2, (n− 4k− 2)/2). It is easy to see that |∂rf | ≤ |∇f |. This
together with (6.4) gives a simple proof of the classical L2-Hardy inequality (1.1).
For 1 ≤ j ≤ n, we denote by Lj a spherical derivative, i.e.,
Lj = ∂j −
xj
|x|
∂r = ∂j −
n∑
k=1
xjxk∂k
|x|2
.
It was proved in [35] that
‖∆f‖2L2(Rn) = ‖∆rf‖
2
L2(Rn) +
∥∥∥∥∥
n∑
j=1
L2jf
∥∥∥∥∥
2
L2(Rn)
+
n(n− 4)
2
n∑
j=1
∥∥∥∥ 1|x|Ljf
∥∥∥∥
2
L2(Rn)
+ 2
n∑
j=1
∥∥∥∥∂rLjf + n− 2|x| Ljf
∥∥∥∥
2
L2(Rn)
, (6.5)
for n ≥ 5 which implies ‖∆rf‖L2(Rn) ≤ ‖∆f‖L2(Rn) with equality holds if and only if f
is radial function. Again, this estimate together with (6.3) gives a simple proof of the
classical L2−Rellich inequality (1.6).
The next result gives an expression of ‖∇∆f‖2L2(Rn) in the spirit of (6.5).
Theorem 6.1. Let n ≥ 7. Then the following equality holds for all function f ∈ H3(Rn):∫
Rn
|∇∆f |2dx =
∫
Rn
|∂r∆rf |
2 dx+
∫
Rn
∣∣∣∣∣∂r
(
n∑
j=1
L2jf
)∣∣∣∣∣
2
dx+
n∑
j=1
∫
Rn
|Lj∆f |
2 dx
+
(
n2 − 24
2
(n− 4)2
4
+ 2(n− 3)(n− 7)
) n∑
j=1
∫
Rn
|Ljf |
2
|x|4
dx
+
n2 − 24
2
n∑
j=1
∫
Rn
∣∣|x|1−n2 ∂r (|x|n2−2Ljf)∣∣2 dx
+ 2
n∑
j=1
∫
Rn
∣∣|x|1−n2 ∂r(|x|n2−1∂rLjf)∣∣2 dx. (6.6)
As a consequence, we obtain∫
Rn
|∇∆f |2dx ≥
∫
Rn
|∂r∆rf |
2 dx, (6.7)
with equality holds if and only if f is radial function.
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Combining (6.7) with (6.4) for k = 1, we obtain a simple proof of the Rellich type
inequality for n ≥ 7
(n− 6)2(n− 2)2(n + 2)2
64
∫
Rn
|f |2
|x|6
dx ≤
∫
Rn
|∇∆f |2dx
which is a special case of (1.9) with m = 1. It would be interesting to find an analogues of
Theorem 6.1 for the higher order derivatives. Such a result combining with (6.3) or (6.4)
would give a simple proof of the Hardy–Rellich type inequalities (1.8) and (1.9). Let us go
to the proof of Theorem 6.1.
Proof of Theorem 6.1. It is enough to prove (6.6) for function f ∈ C∞0 (R
n \ {0}) by the
density argument. Notice that
∆ = ∆r +
n∑
j=1
L2j ,
which can be verified by some simple computations. Expanding the scalar product, we
have∫
Rn
|∇∆f |2dx =
∫
Rn
|∂r∆f |
2dx+
n∑
j=1
∫
Rn
|Lj∆f |
2dx
=
∫
Rn
∣∣∣∣∣∂r∆rf + ∂r
(
n∑
j=1
L2jf
)∣∣∣∣∣
2
dx+
n∑
j=1
∫
Rn
|Lj∆f |
2dx
=
∫
Rn
|∂r∆rf |
2 dx+
∫
Rn
∣∣∣∣∣∂r
(
n∑
j=1
L2jf
)∣∣∣∣∣
2
dx
+ 2Re
∫
Rn
(∂r∆rf) ∂r
(
n∑
j=1
L2jf
)
dx+
n∑
j=1
∫
Rn
|Lj∆f |
2dx. (6.8)
Our next goal is to compute
Re
∫
Rn
(∂r∆rf) ∂r
(
n∑
j=1
L2jf
)
dx.
Denote hj = Ljf, j = 1, 2, . . . , n and g = ∆rf . Using integration by parts, we have
∫
Rn
∂rg∂r
(
n∑
j=1
L2jf
)
dx = −
∫
Rn
g∆r
(
n∑
j=1
L2jf
)
dx. (6.9)
We can readily check that ∂rLj = Lj∂r − Lj/|x|, and
∆rLj = Lj∆r −
2
|x|
Lj∂r −
n− 3
|x|2
Lj ,
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Since
∑n
j=1 xjLj = 0, then
n∑
j=1
xj∆rLj =
n∑
j=1
xj∂rLj = 0.
Using integration by parts and the fact Lj(|x|
au) = |x|aLju, we get
∫
Rn
g∆r
(
n∑
j=1
L2jf
)
dx =
n∑
j=1
∫
Rn
g
(
Lj∆rhj −
2
|x|
Lj∂rhj −
n− 3
|x|2
Ljhj
)
dx
= −
n∑
j=1
∫
R2
Ljg
(
∆rhj −
2
|x|
∂rhj −
n− 3
|x|2
hj
)
dx.
Notice that Lj∆r = ∆rLj + 2∂rLj/|x|+ (n− 1)Lj/|x|
2, hence
Ljg = Lj∆rf = (∆rLj +
2
|x|
∂rLj +
n− 1
|x|2
Lj)f = ∆rhj +
2
|x|
∂rhj +
n− 1
|x|2
hj .
This expression of Ljg implies
Re
∫
Rn
g∆r
(
n∑
j=1
L2jf
)
dx
=
n∑
j=1
Re
∫
Rn
(
∆rhj +
2
|x|
∂rhj +
n− 1
|x|2
hj
)(
∆rhj −
2
|x|
∂rhj −
n− 3
|x|2
hj
)
dx
=
n∑
j=1
∫
Rn
(
|∆rhj |
2 −
4
|x|2
|∂rhj |
2 −
(n− 1)(n− 3)
|x|4
|hj|
2
)
dx+ 2
n∑
j=1
Re
∫
Rn
∆rhjhj
|x|2
dx
− 4(n− 2)
n∑
j=1
Re
∫
Rn
∂rhjhj
|x|3
dx
=
n∑
j=1
∫
Rn
(
|∆rhj |
2 −
4
|x|2
|∂rhj |
2 −
(n− 1)(n− 3)
|x|4
|hj|
2
)
dx+ 2
n∑
j=1
Re
∫
Rn
∂2rhjhj
|x|2
dx
− 2(n− 3)
n∑
j=1
Re
∫
Rn
∂rhjhj
|x|3
dx.
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Using integration by parts, we obtain
Re
∫
Rn
g∆r
(
n∑
j=1
L2jf
)
dx =
n∑
j=1
∫
Rn
(
|∆rhj |
2 −
6
|x|2
|∂rhj |
2 −
(n− 1)(n− 3)
|x|4
|hj|
2
)
dx
− 4(n− 3)
n∑
j=1
Re
∫
Rn
∂rhjhj
|x|3
dx
=
n∑
j=1
∫
Rn
(
|∆rhj |
2 −
6
|x|2
|∂rhj |
2 −
(n− 1)(n− 3)
|x|4
|hj|
2
)
dx
+ 2(n− 3)(n− 4)
n∑
j=1
∫
Rn
|hj|
2
|x|4
dx
=
n∑
j=1
∫
Rn
(
|∆rhj |
2 −
6
|x|2
|∂rhj |
2 +
(n− 3)(n− 7)
|x|4
|hj|
2
)
dx.
Applying Theorem 3.3 to G = (Rn,+) with the Euclidean norm and the integral of |∆rhj |
2,
we obtain
Re
∫
Rn
g∆r
(
n∑
j=1
L2jf
)
dx = −
n2 − 24
4
n∑
j=1
∫
Rn
|∂rhj |
2
|x|2
dx− (n− 3)(n− 7)
n∑
j=1
∫
Rn
|hj|
2
|x|4
dx
−
n∑
j=1
∫
Rn
∣∣|x|1−n2 ∂r(|x|n2−1∂rhj)∣∣2 dx. (6.10)
Using (6.2) for k = 0, α = 1, we have∫
Rn
|∂rhj|
2
|x|2
dx =
(n− 4)2
4
∫
Rn
|hj|
2
|x|4
dx+
∫
Rn
∣∣|x|1−n2 ∂r(|x|n2−2hj)∣∣2 dx. (6.11)
Plugging (6.11), (6.10) and (6.9) into (6.8) implies our desired equality (6.6).
The inequality (6.7) is an immediate consequence of (6.6) since n ≥ 7. Moreover, if f
is radial then equality holds since Ljf = 0 for all j = 1, 2, . . . , n. Conversely, suppose that
equality holds in (6.7). Since
n2 − 24
4
(n− 4)2
4
+ 2(n− 3)(n− 7) > 0,
for any n ≥ 7, then we must have Ljf = 0 for all j = 1, 2, . . . , n. In particular, we get
xk∂jf(x) =
xkxj
|x|
∂rf(x) = xj∂kf(x),
for any j, k = 1, 2, . . . , n. This fact implies that f is radial function.
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Next, Theorem 4.4 gives the following weighted Lp−Hardy–Rellich type inequalities on
Rn. (
k−1∏
i=0
n+ p′(2i+ α))(n− p(2i+ 2 + α))
pp′
)p ∫
Rn
|f |p
|x|p(2k+α)
dx ≤
∫
Rn
|∆krf |
p
|x|pα
dx, (6.12)
if 1 < p < n/(2k) and α ∈ (−n(p− 1)/p, (n− 2pk)/p), and
(n− p(1 + α))p
pp
(
k−1∏
i=0
n+ p′(2i+ 1 + α))(n− p(2i+ 3 + α))
pp′
)p ∫
Rn
|f |p
|x|p(2k+1+α)
dx
≤
∫
Rn
|∂r∆
k
rf |
p
|x|pα
dx (6.13)
if 1 < p < n/(2k + 1) and α ∈ (−(n + p′)/p′, (n − p(2k + 1))/p). Similarly, Theorem 4.7
gives the following weighted Lp-Rellich type inequality
|n+ p′α|p
(p′)p
∫
Rn
|∂rf |
p
|x|p(1+α)
dx ≤
∫
Rn
|∆rf |
p
|x|pα
dx, (6.14)
for any α ∈ R. The inequalities (6.12), (6.13) and (6.14) seem to be new in the Euclidean
space Rn.
Finally, Theorem 5.2 and Theorem 5.4 give some new critical Hardy–Rellich type in-
equalities in Rn as follows(
2k−1(k − 1)!
p′
k−1∏
i=0
(n− 2i− 2)
)p
sup
R>0
∫
Rn
|f − fR|
p
|x|n
∣∣∣ln R|x|∣∣∣pdx ≤
∫
Rn
|∆krf |
p
|x|n−2kp
dx, (6.15)
for any 1 ≤ k < n/2 and any p > 1, and(
2kk!
p′
k−1∏
i=0
(n− 2i− 2)
)p
sup
R>0
∫
Rn
|f − fR|
p
|x|n
∣∣∣ln R|x|∣∣∣pdx ≤
∫
Rn
|∂r∆
k
rf |
p
|x|n−(2k+1)p
dx, (6.16)
for any 0 ≤ k < (n− 2)/2 and any p > 1.
The inequality (6.16) was first proved by Ioku, Ishiwata and Ozawa [28] in the case
k = 0 and p = n and then was extended by Ruzhansky and Suragan [43] for any p ∈ (1,∞).
Especially, consider the case p = 2 then (6.15) and (6.16) become
(
22k−2(2k − 1)!
)2
sup
R>0
∫
Rn
|f − fR|
2
|x|n
∣∣∣ln R|x|∣∣∣2
dx ≤
∫
Rn
|∆krf |
2dx, (6.17)
if n = 4k and (
22k−1(2k)!
)2
sup
R>0
∫
Rn
|f − fR|
2
|x|n
∣∣∣ln R|x|∣∣∣2
dx ≤
∫
Rn
|∂r∆
k
rf |
2dx, (6.18)
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if n = 4k + 2, respectively. As consequences of (6.17), (6.18), (6.5) and (6.7), we obtain
the following critical Rellich inequality in R4 and R6,
sup
R>0
∫
R4
|f − fR|
2
|x|4
∣∣∣ln R|x|∣∣∣2
dx ≤
∫
R4
|∆f |2dx, ∀ f ∈ C∞0 (R
4) (6.19)
and
16 sup
R>0
∫
R6
|f − fR|
2
|x|6
∣∣∣ln R|x|∣∣∣2
dx ≤
∫
R6
|∇∆f |2dx, ∀ f ∈ C∞0 (R
6) (6.20)
Let us give some comments on our critical Rellich inequalities comparing with the ones
of Adimurthi and Santra, i.e. (1.12), (1.13), (1.14) and (1.15). Note that the inequality
(1.13) can be extended to any function f ∈ H20 (Ω) as mentioned in [3]. Clearly, this
inequality (1.13) is implied from our inequality (6.19). For the case n = 4k, k ≥ 2, it can
be checked that
22k−2(2k − 1)! ≥
n
4
1
22k−2
k−2∏
i=0
(4i+ 2)(8k − 4i− 6) = k
k−2∏
i=0
(2i+ 1)(4k − 2i− 3).
Hence (6.17) improves the inequality (1.14) with n = 4k, k ≥ 2 since for any radial function
f it holds ∆kf = ∆krf . For the case n = 4k + 2, k ≥ 1 we can check that
2k + 1
2
k−1∏
i=0
(2k − 2i− 1)(2k + 2i+ 1) > 22k−1(2k)!.
Hence the inequality (1.15) seems to be stronger than the inequality (6.18). However, by
testing the function fδ(x) = (ln(R/|x|))
1/2−δφ(x) where φ is a radial function in C∞0 (R
n)
such that 0 ≤ φ ≤ 1, φ(x) = 1 if |x| ≤ 1 and φ(x) = 0 if |x| ≥ 2, and δ > 0 small enough
and R > 2, we see that the inequality (6.18) is sharp. Thus, our inequality (6.18) corrects
the inequality (1.15) of Adimurthi and Santra. Moreover, the inequality (6.18) extends the
inequality (1.15) to all functions (not need to be radial) in the case n = 6 by (6.20).
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